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Abstract
The ambiguity of the Weitzenbo¨ck connection and the meaning of torsion in teleparallel theories
are investigated. A new postulate is added to teleparallel theories in order to remove the ambiguity
and the inconsistencies in the calculation of the gravitational energy-momentum tensor and the
like. In addition to the known restrictions on the spatial triad, it is shown that some restrictions
on the congruence used to build the frame must also be imposed. Nevertheless, no restriction
is imposed on a particular observer’s worldline. The postulate and the restriction presented in
this article are used to define what will be called here an ideal frame. This definition is applied
to the Schwarzschild and the pp-wave spacetimes in the context of the Teleparallel Equivalent of
General Relativity. In both cases, the results are very appealing and consistent; this includes the
impossibility of making the gravitational energy density vanish along the accelerated observers’
worldlines used here. Two promising interpretations for the Weitzenbo¨ck torsion are presented
and discussed in detail. The possibility of having a well defined concept of an absolute vacuum in
teleparallel theories is also discussed. Finally, some possible solutions to well-known problems of
the f(T ) theories are proposed.
∗ jansen@fisica.ufpb.br
1
I. INTRODUCTION
The use of torsion in theories of gravity dates back to Einstein’s attempt to unify elec-
tromagnetic and gravitational interactions [1, 2]. In general, torsion is either related to
the intrinsic angular momentum of matter or is used to account for a distant parallelism.
The most well-known theories with torsion are the Einstein-Cartan and the Teleparallel
Equivalent of General Relativity (TEGR). (The former relates the torsion tensor to the spin
density, while in the latter torsion is used to establish an absolute parallelism.)
The relevance of teleparallel theories is undeniable. These theories have attracted the
attention of several researchers for many different reasons. They have been used to study the
localization of the gravitational energy [3], to explain the late-time accelerated expansion
of the universe without resorting to negative pressure [4–6], to solve the particle horizon
problem without resorting to an inflation field [7], to analyze the black hole entropy [8, 9];
because of the expectation that the conformal invariance was important at early stages of the
Universe and still is on small scales, they have also been used to formulate conformal theories
of gravity [10–15]. There is also the claim that they are more suitable to quantization and
unification [16], since they can ‘dispense’ with the weak equivalence principle and can be
viewed as a gauge theory of the translation group [17–20] (for a recent discussion on the
gauge approach, see Refs. [21–23]).
However, in teleparallel theories, it is nor clear what torsion really is, physically speaking.
Although it is argued that the torsion tensor describes gravity, the ambiguity of this descrip-
tion prevent us from finding a definite meaning for the Weitzenbo¨ck torsion. In Ref. [24],
for example, Maluf et al. argued that the Weitzenbo¨ck torsion is related to the gravitational
acceleration. Other authors, such as Aldrovandi and Pereira [16], focus more on the separa-
tion between inertia and gravitation, i.e., the torsion (more precisely, the contorsion) tensor
represents the purely gravitational force. However, this separation is not unique because the
Weitzenbo¨ck connection is not unique. In fact, the problem is worse: the theory allows one to
choose Weitzenbo¨ck connections that leads to meaningless torsions. Some attempts to solve
this problem have been made (see, e.g., the regularization procedures in Refs. [3, 25, 26]),
but so far no definite solution has been given. The main purpose of this article is to solve
this problem by adding a physical principle to all teleparallel theories of gravity.
We begin with a brief review of Riemann-Cartan and Weitzenbo¨ck spacetimes in Sec. II
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and III. The teleparallel frame problem is discussed in Sec. IV with the help of a notation
that allows us to use both the pure-tetrad formalism and the so-called Metric-Affine Gravity
(MAG). We revisit the relation between these two approaches in Sec. V and prove that the
ambiguity of the Weitzenbo¨ck connection is equivalent to that of the teleparallel frame. The
regularization procedure used by Obukhov and Guillermo in Ref. [25] is discussed.
Section VI is devoted to the search for the frame that gives only consistent results, re-
gardless of the Levi-Civita curvature, and is uniquely defined (up to global Lorentz transfor-
mations). In doing so, we discuss the causes of inconsistent predictions for the gravitational
energy-momentum (including the densities). In general, one assumes that the problem is
only with rotations of the spatial triad. However, in this article we will prove that a bad
choice of the congruence yields inconsistent results, too. We will also prove that both the
gravitational energy-momentum and angular momentum densities vanish along the curve
of any arbitrarily accelerated observer if the proper reference frame (PRF) is used as the
teleparallel frame. We use this result to argue against this type of frame and discuss the
limited role that the strong principle of equivalence should have in a teleparallel theory. In
Sec. VIC, we discuss the measurement (or definition) of the energy of a field to find the
restrictions that need to be imposed on the possible sets of observers (timelike congruences).
It turns out that, by postulating a frame that truly separates gravitation from inertia, we
can have a reasonable restriction on the set of observers used to calculate the gravitational
energy.
The hybrid machinery developed in Ref. [27] is improved in Sec. VII. Then, in Sec. VIII,
this machinery is applied to a set of observers that accelerate along the z axis of an isotropic
coordinate system in Schwarzschild spacetime. We scrutinize this congruence and prove
that it gives consistent results when the ‘right’ restrictions are applied. It turns out that we
cannot make the gravitational energy density vanish along the observers’ worldline.
Section IX is devoted to the meaning of torsion in teleparallel theories. There, we will
argue that there are only two different ways to interpret the teleparallel theories based on
the Weitzenbo¨ck connection, otherwise these theories will be inconsistent.
To show the consistence of the restrictions used throughout this paper, we revisit the
gravitational energy-momentum density of pp-waves in Sec. X. We compare the results from
three incompatible predictions, those of Refs. [28–30], and show that the most consistent
results come from the frame that satisfies these restrictions. In addition, we use a set of
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observers that are accelerated (with respect to what will be called ‘the fundamental frame’)
along the z direction and show some interesting results: if the motion is in the same direction
as that of the gravitational wave, then the gravitational energy-momentum will tend to zero
as the observers’ speed approaches the speed of light (it tends to infinity if the motion is in
the opposite direction); for the ideal frame, the energy density cannot be made to vanish;
the angular momentum density is not affected by the acceleration.
We devote Secs. XI and XII to a general discussion about two important subjects, namely,
the definition of vacuum in classical theories and the f(T ) theories, respectively. In Sec. XI
we postulate that the TEGR must have a well-defined concept of absolute vacuum (the total
absence of energy and momentum), while in Sec. XII we discuss the possible limitations and
even the viability of f(T ) theories. We also discuss possible solutions to the problems faced
by these theories.
Our notation is as follows: The metric components in a coordinate basis is denoted by
gµν , while in a tetrad basis is denoted by ηab. We denote the frame and the coframe by ea,
ϑa, respectively; they satisfy the relation 〈ϑa, eb〉 ≡ ϑa(eb) = δab . The spacetime signature is
(+,−,−,−). Greek letters represent spacetime indices, and Latin letters represent tangent
space ones, except for Latin letters in the middle of the alphabet (i, j, k, . . .), which stand
for spatial coordinate indices. The components of the frame ea and the coframe ϑ
a in a
coordinate basis are represented by e µa and e
a
µ, respectively. We distinguish the tangent
space indices from the coordinate ones by using the former between parentheses: e 0(0) , e
2
(1)
etc. We use the convention A[ab] ≡ (1/2)(Aab −Aba).
II. RIEMANN-CARTAN SPACETIME
In this section we review some properties of the Riemann-Cartan spacetimes and present
the main aspects of the formalism that will be used throughout this paper.
Let M be a n-dimensional differentiable manifold, F(M) the set of smooth functions
on M , and V(M) the set of the vector fields on M . An affine connection ∇ is a map
∇ : V(M) × V(M) 7→ V(M), denoted by (U, V ) 7→ ∇UV , which satisfies the following
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conditions:
∇U(V +W ) =∇UV +∇UW, (1)
∇(U+V )W =∇UW +∇VW, (2)
∇(fU)V = f∇UV, (3)
∇U (fV ) = U [f ]V + f∇UV, (4)
where U , V , W ∈ V(M), and f ∈ F(M); by definition U [f ] ≡ Uµ∂µf ∈ F(M).
The affine connection of Riemann-Cartan spacetimes possesses both a curvature and a
torsion. In the index-free approach, they take the form [31]
R(V, U)W ≡∇V∇UW −∇U∇VW −∇[V,U ]W, (5)
T (V, U) ≡∇V U −∇UV − [V, U ], (6)
where [V, U ] is the Lie bracket of V and U , which is defined by [V, U ]f = V [U [f ]]−U [V [f ]].
In a coordinated basis ∂µ (and its dual basis dx
µ) , the affine connection coefficients are
denoted by Γλµν ≡
〈
dxλ,∇µ∂ν
〉
, while in a tetrad one we use
ωabc ≡ 〈ϑa,∇bec〉 . (7)
For the curvature and torsion components, we use the conventions Rαµβν ≡
〈
dxα,R(∂β , ∂ν )∂µ
〉
and T abc ≡ 〈ϑa,T (eb, ec)〉1. For these conventions, Eqs. (5)-(6) yield
Rαµβν = ∂βΓ
α
νµ − ∂νΓαβµ + ΓφνµΓαβφ − ΓφβµΓανφ, (8)
T abc = 2ω
a
[bc] + Ω
a
bc, (9)
where
Γλµν = Γ˚
λ
µν +K
λ
µν , (10)
Kλµν ≡ −
1
2
(
T λµν + T
λ
νµ − T λµν
)
, (11)
Ωabc ≡ −〈ϑa, [eb, ec]〉 is the object of anholonomity (the structure functions of ea), Γ˚λµν the
Christoffel symbols, Kλµν the contorsion, and ω
a
[bc] ≡ (ωabc−ωacb)/2. Furthermore, one can
prove that
ωabc =
1
2
(Ω abc + Ω
a
cb − Ωabc) +Kabc . (12)
1 Note that Rabcd = 〈ϑa,R(ec, ed)eb〉 = eaαe µb e βc e νd Rαµβν , and Tαβµ =
〈
dxα,T (∂β , ∂µ)
〉
=
e αa e
b
βe
c
µT
a
bc .
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Using the convention Rµν = R
α
µαν , it is straightforward to check the validity of the
well-known identity
Rµν = R˚µν +
◦
∇αKανµ −
◦
∇νKααµ +KααλKλνµ
−KανλKλαµ , (13)
where
◦
∇λKανµ are the components of the covariant derivative of K ≡ Kανµ∂α ⊗ dxν ⊗ dxµ
with respect to the Levi-Civita connection
◦
∇; in a coordinate basis, this connection becomes
the Christoffel symbols: Γ˚λµν ≡
〈
dxλ,
◦
∇µ∂ν
〉
.
A. Differential forms
The torsion components given by Eq. (9) are commonly used by authors such as Maluf2
[3]. On the other hand, authors such as Obukhov and Rubilar [25] use the torsion 2-form
T a = 1
2
T abc ϑ
b ∧ ϑc. (14)
Note that we use a slight different letter for the torsion 2-form. Its relation with Eq. (6)
(the basis-independent form of the torsion) is T (V, U) = T a(V, U)ea. So, the torsion 2-form
is nothing but the vector component of T (V, U). In terms of this component, Eq. (9) can
be recast as
T a = dϑa + Γ ab ∧ ϑb, (15)
where Γ ab is the connection 1-form, which is related to the affine connection coefficients
through
Γ ba = ω
b
caϑ
c. (16)
We will use these two different approaches together in a consistent way.
B. Lorentz transformation
As is well known, there are many different noncoordinate bases which yield the same
metric. These bases are related to each other by a local orthogonal rotation, which in our
2 Maluf’s definition of the affine connection coefficients is slightly different: denoting Maluf’s version as
ω̂ aµ c , we have the relation ω
a
µc = ω̂
a
µ c .
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case corresponds to the SO(3, 1) group. An element of this group [in fact SO+(3, 1)] is called
a proper orthochronous Lorentz transformation and will be denoted by Λab.
Given two tetrads ϑa and ϑ¯a (their frames are denote by ea and e¯a, respectively), we have
ϑa = Λabϑ¯
b, ϑ¯b = Λ bc ϑ
c, ec = Λ
b
c e¯b, e¯c = Λ
d
ced, (17)
where Λ bc = (Λ
−1)bc. Note that Λ
a
c Λ
c
b = δ
a
b (Λ
TΛ = I).
Using ω¯abc =
〈
ϑ¯a,∇b¯e¯c
〉
and Eqs. (17) and (7), we obtain the transformations
ω¯abc = Λ
a
d Λ
f
be
µ
f ∂µΛ
d
c + Λ
a
g Λ
f
bΛ
d
cω
g
fd, (18)
ωabc = Λ
a
dΛ
f
b e¯
µ
f ∂µΛ
d
c + Λ
a
gΛ
f
b Λ
d
c ω¯
g
fd. (19)
These are the well-known transformations of the affine connection coefficients in noncoordi-
nate bases.
III. TELEPARALLELISM
Given a manifold M and an affine connection ∇, we say that we have teleparallelism
when we can transport a vector from one point to any other and the resulting vector does
not depend on the path taken. This means that if we have a vector V defined at a point p, we
can construct a unique vector field over M by parallely propagating V . In other words, we
demand that ∇d/dsV = (dx
µ/ds)∇µV = 0 hold for an arbitrary curve x
µ(s), which implies
∇µV = 0. Therefore, in teleparallel theories we can always find a tetrad field that satisfies
the equation
∇µea = 0 (ω
a
bc = 0) (20)
everywhere. This connection is called a Weitzenbo¨ck connection.
Equation (20) is not invariant under a local Lorentz transformation (LLT). As a con-
sequence, it depends on the frame that is chosen to satisfy it. Once we have chosen a
particular basis ea, we cannot go to another basis e¯a through a LLT without altering the
form of Eq. (20): the affine connection coefficients cannot vanish in two different frames
related by a LLT “simultaneously”.
Definition III.1 A frame ea (or its coframe ϑ
a) will be called a teleparallel frame (TF) if
it satisfies Eq. (20).
7
In a TF, the torsion tensor becomes
T aµν = ∂µe
a
ν − ∂ν eaµ. (21)
But, in general, it is given by Eq. (9).
Let us now obtain some very interesting identities that are a consequence of teleparal-
lelism. In doing so, we use the tensor (usually called superpotential)
Σλµν ≡ 1
4
(
T λµν + 2T [µ|λ|ν]
)
+ gλ[νT µ], (22)
where Ta ≡ T bba . Note that this tensor is antisymmetric in the last two indices. (It is also
worth noting that we are not restricting ourselves to TFs here.)
Using Eq. (20) in Eq. (5) we see that the curvature tensor must vanish, i.e., Rabcd =
〈ϑa,R(ec, ed)eb〉 = 0 for all basis, including coordinate ones. Hence, we must also have
Rµν = 0. Using this result in Eq. (13), we can isolate R˚µν to obtain, with the help of
Eq. (22), the identity (see appendix A)
R˚µν = 2e νb
(
∂αΣ
bµα + Γ˚λλαΣ
bµα
)
− 2ΣabµT νab
+ gµν
◦
∇αT α + 2ωcαbe νc Σbµα. (23)
Multiplying it by e = det(eaµ) = ±
√− det g and using the identity ∂αe = eΓ˚λλα, we find
that
eR˚µν =2e νb ∂α
(
eΣbµα
)− 2eΣabµT νab
+ gµν∂α (eT
α) + 2eωcαbe
ν
c Σ
bµα. (24)
Contracting with gµν , we get
eR˚ = 2∂µ (eT
µ)− eT, (25)
where T ≡ ΣabcTabc is the torsion scalar. Thus, we see that the Einstein tensor G˚µν of the
Levi-Civita connection can be written in the form
eG˚µν = 2e νb ∂α
(
eΣbµα
)− e
2k
ǫµν , (26)
where
ǫµa = tµa − 4kωaαbΣbµα, (27)
tµa = k(4ΣbcµT abc − eaµT ), (28)
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and k = 1/(16π) in natural units. (Keep in mind that tµν = e νa t
µa and ǫµν = e νa ǫ
µa.)
The first and the second terms in the right-hand side of Eq. (26) transform as tensors
under coordinate transformations, but not under LLTs. Note, nevertheless, that their sum
transforms as a tensor under both transformations. Furthermore, tµν also behaves as a
tensor for both cases3, but it is not on the same footing as G˚µν , as will become clear in
Sec. IV.
A. The field equations of the TEGR
The most famous teleparallel theory is the so-called Teleparallel Equivalent of General
Relativity (TEGR). The reason why it is so famous is because its field equations are equiv-
alent to that of GR. In this theory one uses Eq. (25) to go from the Einstein-Hilbert La-
grangian density L = keR˚ to L = −keT by neglecting the surface term 2∂µ (eT µ). Defining
the total Lagrangian by Ltotal ≡ L − LM and varying the action with respect to e µa (the
fundamental field), one obtains4
G˚µν =
1
2k
T µν , (29)
where
Tµν ≡ 1
e
eaµ
δLM
δeaν
=
2
e
δLM
δgµν
(30)
is the energy-momentum of matter.
With the help of Eq. (26), Eq. (29) can be recast as
∂α (eΣ
aµα) =
e
4k
(ǫµa + T µa) . (31)
Applying ∂µ to this equation and using the identity Σ
aµα = −Σaαµ, we obtain ∂µ [e (ǫµa + T µa)] =
0.
In the case of the pure-tetrad formalism we have ǫµa = tµa, where tµa is identified as
the energy-momentum tensor of the gravitational field. Then, the conservation law be-
comes ∂µ [e (t
µa + T µa)] = 0. In turn, the the energy-momentum contained within a three
dimensional volume V is [3]
P a =
∫
V
d3xet0a +
∫
V
d3xeT 0a, (32)
3 In the pure-tetrad approach, tµa is not covariant under LLTs (see, e.g., Ref. [5]).
4 For a discussion about the variational principle in teleparallel theories, see Refs. [32, 33].
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where the first integral is the gravitational energy–momentum. The energy-momentum (in
the pure-tetrad formalism) can also be given by [3]
P a = 4k
∮
S
dSieΣ
a0i. (33)
The total angular momentum of the gravitational field can be defined as
Lab ≡ −
∫
V
d3xMab, (34)
where
Mab = −4ke (Σa0b − Σb0a) (35)
is the gravitational angular momentum density. The quantity L(0)b may be interpreted as
the gravitational center of mass moment, while L(i)(j) is the angular momentum of the field
[3]. The question whether Eqs. (32)-(35) hold beyond the pure-tetrad formalism will be
discussed later.
The quantities given by Eqs. (28) and (32) have yield interesting and consistent results for
some cases [3, 15, 30]. One example is the gravitational energy of the Universe within a three
dimensional volume, which for a spatially flat Universe is given by Eg = −c2H2a3r3/(2G)
[see, e.g., Eq. (170) of Ref. [15]], where H is the Hubble parameter, a the scalar factor, and
r is a radial coordinate. Notice that the density is −3c2H2/(8πG), which is constant for a
constant H . The total energy of the Universe within a finite volume for this case vanishes,
while the one for a closed Universe predicted by Eq. (32) is the same as that predicted by
the Einstein gravitational pseudo-tensor [compare Eq. (161) of Ref. [15] with Eq. (14) of
Ref. [34] for φ = 0 and k = 1.].
IV. THE TELEPARALLEL FRAME PROBLEM
The components of the torsion tensor in a basis e¯a when ea is taken as the TF will be
denoted by T¯ a
e bc . On the other hand, when the components are written in the basis e¯a
and at the same time this basis is the TF, we use T¯ a
e¯ bc . Note that these definitions can be
applied to any object that depend on the choice of the TF.
By definition, we must have ω¯ a
e¯ bc = 0. Hence, from Eq. (9) we see that
T¯ a
e¯ bc = Ω¯
a
bc, (36)
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where
Ω¯abc = −
〈
ϑ¯a, [e¯b, e¯c]
〉
= 2e¯ µb e¯
ν
c ∂[µ| e¯
a
|ν]. (37)
Note that Eq. (21) corresponds to T a
e µν .
From Eq. (9) we see that
T¯ a
e bc = 2ω¯
a
e [bc] + T¯
a
e¯ bc , (38)
where we have used Eq. (36) in the second term of Eq. (9). In turn, from Eq. (18), we see
that the connection ω¯ a
e bc (the coefficients of ∇ in e¯a when ea is the TF) is given by
ω¯ a
e bc = Λ
a
d e¯
α
b ∂αΛ
d
c. (39)
(Be aware that ∇e 6= ∇e¯.) It is clear that if the matrix Λ is not constant, then the
description of the torsion tensor in the basis e¯a when e¯a is the TF is not equivalent to that
where ea is the TF: note that both T¯
a
e bc and T¯
a
e¯ bc are written in the same basis, the only
difference is the choice of the TF. Therefore, we conclude that the torsion tensor cannot be
made invariant under an arbitrary change of the TF. Note that this problem also affects all
quantities defined solely by combinations of the torsion tensor, such as the superpotential
and the torsion scalar.
It is easy to show that the relation between ω¯ a
e bc and ω
a
e¯ bc is given by
ω a
e¯ bc = −ΛafΛ hb Λ gc ω¯ fe hg , (40)
ω¯ a
e bc = −Λ af ΛhbΛgcω fe¯ hg . (41)
An interesting aspect of the notation used here is that, to ‘invert’ the identities, we only
need to change overbars to ‘no overbars’ (and vice versa) where it is appropriate, and change
the order of the indices of the Lorentz matrices, as in the expressions above.
The natural question now is: “which component, if any, has physical meaning?” To
pursue this question, we will need the following definitions.
Definition IV.1 Let E be the set of all frames (coframes) related to a particular basis ea
(or ϑa) by a global Lorentz transformation. This set will be called the global set of ea.
Definition IV.2 Let E and E¯ be the global sets of ea and e¯a, respectively. Assume that E
and E¯ are not the same. The transformation of an object A, which may or may not be a
tensor, from A
e
to A¯
e¯
, and vice versa, will be called a teleparallel transformation (TT).
11
Definition IV.3 Quantities that are invariant under LLTs and TTs will be called absolute
invariant (AI).
Definition IV.4 Quantities that are invariant under LLTs, but not under TTs will be called
relative invariant (RI).
Let A and B be a RI and an AI, respectively. Assume that we can expand them in the
frame ea as A = A
aea and B = B
aea. Under a LLT given by e¯c = Λ
d
ced, A
a and Ba change
as A¯ a
e
= Λ ab A
b
e
(A¯ a
e¯
= Λ ab A
b
e¯
) and B¯ a
e
= Λ ab B
b
e
(B¯ a
e¯
= Λ ab B
b
e¯
). As a result, we have
Ae¯ = A¯e¯ and Be¯ = B¯e¯. Nevertheless, under a TT we have Be = B¯e¯ , while Ae 6= A¯e¯.
As an example of a RI, we have the torsion tensor, whose components in the TF ea is
T a
e bc = Ω
a
bc, while in the TF e¯a is T¯
a
e¯ bc = Ω¯
a
bc 6= Λ ad ΛebΛfcΩdef . So, we conclude that
Te 6= T¯e¯. Nevertheless, we still have Te = T¯e and Te¯ = T¯e¯. [Recall that T is given by
Eq. (6).]
In general, we interpret the components of a tensor as being related to some measurable
quantity. For instance, the component T (0)(0) of the energy-momentum tensor of a mater
field is interpreted as being the energy density measured by an observer with a 4-velocity e(0);
when we change to a frame e¯(0), then we have T¯
(0)(0), which is the energy density measured
by another observer whose 4-velocity is e¯(0). As will be shown later, this tensor is necessarily
an AI. How about the components of RIs? Again, we need more definitions to deal with
this question:
Definition IV.5 The components of a tensor written in the TF will be called a teleparallel
component.
Torsion can be invariant under LLTs with a fixed TF, but not under TTs. To understand
what is happening in teleparallelism, we need to differentiate the ordinary meaning of a
LLT from a mere mathematical procedure. In general, when we change the components
of a tensor from one frame ea to another e¯a by means of a LLT, we say that we changed
the observer and the new components are the quantities measured by this new observer.
However, this view does not hold for a RI. As will be shown later, some non-teleparallel
components are meaningless. For example, we will see that, if we wish to calculate the
energy density measured by an observer with a frame eα, then we cannot use t
µa
e¯
. (The
component t µa
e¯
is just a mathematical entity that we may use when dealing with LLTs.) In
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fact, we will see that both t µa
e
and ǫ µa
e¯
can yield consistent results for the examples given
in this paper.
A. Torsion scalar
Equation (25) can be recast as R˚ + T − 2
◦
∇µT µ = 0. Thus, it is clear that R˚ + Te −
2
◦
∇µT µe = 0. (Because R˚ is an AI, we do not need to write R˚e.) Since Te = T¯e and
T µ
e
= T¯ µ
e
, we must also have
R˚ + T¯
e
− 2
◦
∇µT¯ µe = 0. (42)
It is obvious that the following identity also holds
R˚ + T¯
e¯
− 2
◦
∇µT¯ µe¯ = 0. (43)
Subtracting Eq. (43) from Eq. (42), we obtain
T¯
e
= T¯
e¯
+ 2
◦
∇µ
(
T¯ µ
e
− T¯ µ
e¯
)
= T¯
e¯
+
2
e
∂µ
(
ee¯bµω¯ a
e ab
)
, (44)
where Eq. (38) and the definition Ta ≡ T bba were used in the second line. Thus, changing
the TF, but keeping the frame where the torsion scalar is written, induces a surface term.
This motivates the following definition.
Definition IV.6 Let A be an object that may or may not be a tensor. The transformation
from Ae to Ae¯, or vice versa, will be called an affine teleparallel transformation (ATT).
Note from definitions IV.2 and IV.6 that the differences between a TT and an ATT is
that the latter does not change the basis where the components are written, only the TF
or, equivalently, the affine connection, which does not necessarily vanish for all frames. (It
is only a change in the choice of the affine connection.)
Theorem IV.1 An object is invariant under LLTs and ATTs if and only if it is an AI.
Proof. If A is invariant under a LLT, then A¯e = Ae. If, in addition, A is also invariant
under an ATT, then A¯e = A¯e¯. Hence, we have A¯e¯ = Ae (invariant under TTs). On the
other hand, if A is an AI, then both A¯e = Ae and A¯e¯ = Ae hold (see definition IV.3), which
leads to A¯e = A¯e¯.
13
B. Energy-momentum tensors
From Eq. (29) we see that, in the TEGR, the matter energy-momentum tensor must be
an AI, that is T µν
e
= T µν
e¯
= T¯ µν
e
= T¯ µν
e¯
. However, neither ǫµν nor tµν are.
Using the fact that Eq. (26) holds for any basis e¯a, regardless of whether it is a TF or
not, we have
eG˚µν = 2e¯ νb ∂α
(
eΣ¯ bµα
e¯
)
− e
2k
ǫ¯ µν
e¯
, (45)
eG˚µν = 2e¯ νb ∂α
(
eΣ¯ bµα
e
)− e
2k
ǫ¯ µν
e
. (46)
Subtracting Eq. (46) from Eq. (45) and contracting the result with e¯aν , we obtain
ǫ¯ µa
e
− ǫ¯ µa
e¯
=
8k
e
∂α
(
eΠ¯ aµα
e
)
, (47)
with
Π¯
eabc =
1
4
(
ω¯
ebac + ω¯
d
e dbηac − ω¯ de dcηab
)
, (48)
where Eqs. (22), (38) and (36) were used to write Σ¯ bµα
e¯
− Σ¯ bµα
e
in terms of the affine
connection coefficients.
The tensor ǫ¯ µa
e
∂µ ⊗ ea is neither a RI nor an AI. In fact, as we can see from Eq. (27),
it is invariant only under coordinate changes5. (Keep in mind that, throughout this paper,
the word “tensor” refers to any quantity that is invariant under coordinate transformations,
not necessarily LLTs. )
Using Eqs. (27)-(28) in Eq. (47), we find that
t¯ µa
e
= t¯ µa
e¯
+
8k
e
∂α
(
eΠ¯ aµα
e
)
+ 4kω¯ a
e αbΣ¯
bµα
e
. (49)
(Note that ǫ¯ µν
e¯
= t¯ µν
e¯
.) It is clear that tµν∂µ⊗∂ν is not invariant under ATTs. Nevertheless,
it is invariant under LLTs and coordinate transformations, which means that it is a RI.
V. PURE-TETRAD FORMULATION VERSUS MAG
At the level of the field equations, we have basically two approaches to teleparallel the-
ories: setting the connection to always vanish or using an affine connection. To better
understand these two approaches, we have dealt with a notation that have allowed us to
5 ωaαc transforms as a tensor under coordinate transformations.
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work with both simultaneously. Now we focus a little bit more on the metric-affine gravity
(MAG) and adapt the notation used in Refs. [25, 29, 35] to ours.
The volume 4-form is defined as η ≡ ϑ(0)∧ϑ(1)∧ϑ(2)∧ϑ(3), while the bases6 for 3-, 2-, and
1- forms are defined as ηa ≡ ea⌋η , ηab ≡ eb⌋ηa , ηabc ≡ ec⌋ηab , respectively. (The symbol ⌋
denotes the interior product.) The object ηabcd ≡ ed⌋ηabc is the Levi-Civita tensor density.
The connection 1-form defined in Refs. [25, 29, 35] is exactly the one in Eq. (16).
The Lagrangian density for the TEGR in the MAG approach can be written as
V = − η
2κ
T abcΣabc = −
η
2κ
T , (50)
where κ = 1/(2k). In this approach, one usually works with the translational gauge field
momentum 2-form and the canonical energy-momentum 3-form:
Ha =
1
κ
Σabcη
bc, (51)
Ea = t
b
aηb. (52)
A. Pure-tetrad formulation
Since the quantities (2.1)-(2.2) and (2.6)-(2.7) in Ref. [25] are written in the TF, we have
H˜a =
1
κ
Σ
eabcη
bc, (53)
V˜ = − η
2κ
T
e
. (54)
The same goes for F α and other quantities there with a ‘tilde’.
An interesting result shown by Obukhov and Rubilar [25] is that the main pure-tetrad
objects depend only on the Levi-Civita connection, which we denote by ω˚αβγ . Translating
Eqs. (2.27), (2.28), and (2.31) there into components, we get
Σ
eabc =
1
2
ω˚cab + ω˚
d
d[cηb]a, (55)
V˜ =
η
2κ
(
ω˚aacω˚
b c
b − ω˚abcω˚b ca
)
, (56)
t b
e a =
1
κ
(
2ω˚c[ad]ω˚
b d
c − 2ω˚b[ad]ω˚c dc
− ω˚ccaω˚d bd + δbaω˚c[c|f ω˚d f|d]
)
, (57)
6 We use boldface letters to distinguish the basis ηab from the metric in the tetrad basis, ηab.
15
respectively. Note that, from Eq. (55), we can recast (35) as
Mab
e
= −4ke
(
ω˚[ba]ce
c0 + ω˚
d [b
d e
a]0
)
. (58)
This expression will be used to prove the theorem VI.2.
Equations (2.16)-(2.18) can be easily translated into
T
e
= T¯
e¯
+
2
e
∂µ
[
eΛ ab (∂νΛ
b
c)e¯
ν
a e¯
cµ
]
, (59)
t b
e a = Λ
b
cΛ
d
a t¯
c
e¯ d +
2
κ
Λbc(∂µΛ
d
a )Σ¯
cµ
e¯d
− 4
κe
ebµ∂ν
(
eΛ ca Π¯
νµ
ec
)
, (60)
Σ
eabc = Λ
d
a Λ
f
b Λ
g
c
(
Σ¯
e¯dfg + 2Π¯edfg
)
, (61)
where
Π¯ µν
ea = e¯
bµe¯cνΠ¯
eabc, V˜ (ϑ¯) = −kηT¯e¯ ,
V˜ (ϑ) = −kηT
e
(62)
and we have changed the prime notation used there: ϑ′a → ϑa and ϑa → ϑ¯a.
From the perspective of the pure-tetrad formalism, Eqs. (59)-(61) correspond to the
transformations of the torsion scalar, the gravitational energy-momentum tensor, and the
superpotential under the change ϑa = Λabϑ¯
b. On the other hand, from the viewpoint of the
theory with an affine connection, this is just a TT.
Using Eqs. (48) and (41), we find that Π¯
eabc = −ΛfaΛrbΛgcΠe¯frg. Thus, we can recast
Eq. (61) in the form
Σ
eabc = Σe¯abc − 2Πe¯abc, (63)
where
Π
e¯abc =
1
4
(
ω
e¯bac + ηacω
d
e¯ db − ηabω de¯ dc
)
. (64)
This identity will be very important because it relates the superpotentials of the two main
interpretations for the gravitational energy that will be presented in this paper.
To avoid the undesirable derivatives of Λ in Eqs. (59)-(61), we could consider only global
SO(3, 1) transformations. However, the ‘problem’ is that the set of physical acceptable
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frames is not limited to frames which are related to each other by global transformations,
and it is impossible to have two different frames related by a LLT that are simultaneously
TFs. Think, for example, of the frame of an observer that is in free fall and the frame of a
static observer, both in Schwarzschild spacetime. We just cannot have a unified description
of them using only global transformations. Therefore, if we want to be able to describe
gravity in more than one global set (see definition IV.1), we have to use LLTs.
B. Affine connection ambiguity
The connection for the TEGR is completely undetermined in the MAG frame work7 [25].
As a matter of fact, this is true for any approach to the TEGR that considers an affine
connection. Furthermore, this ambiguity is equivalent to the ambiguity in the choice of the
TF, as will be demonstrated below.
In terms of components, the transformations (for more details about these transforma-
tions, see section III A of Ref.[25])
η′ab = ηab, ϑ
′a = ϑa, Γ′ ab = Γ
a
b +Ψ
a
b , (65)
become
ω′abc = ω
a
bc +Ψ
a
cb , (66)
where Ψ ab = Ψ
a
bc ϑ
c. The above connection coefficients are written in the frame ea. To know
how the above transformation affects the connection coefficients in the frame e¯a, which
is related to ea through e¯a = Λ
b
aeb, we can use Eq. (18). From this equation we see
that ω¯′abc = Λ
a
d e¯
µ
b ∂µΛ
d
c + Λ
a
d Λ
f
bΛ
g
cω
′d
fg , which combined with Eq. (66) gives ω¯
′a
bc =
ω¯abc + Λ
a
d Λ
f
bΛ
g
cΨ
d
gf . Since, in teleparallelism, there always exists a TF, we can assume
(without loss of generality) that ∇b¯e¯a = 0 (ω¯
c
ba = 0) where b¯ ≡ e¯b. In this case, we have
ω¯′abc = Λ
a
d Λ
f
bΛ
g
cΨ
d
gf . (67)
In other words, in the new affine connection ∇′ the frame e¯a is no longer a TF: ∇
′
b¯
e¯c =
Λ ad Λ
f
bΛ
g
cΨ
d
gf e¯a. By definition, this new affine connection is still a connection in a geometry
with teleparallelism. Hence, there must exist a third frame êa, related to e¯a by e¯b = Λ̂
a
bêa,
7 In the pure-tetrad approach this ambiguity is hidden in the choice of the TF.
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such that ∇′
b̂
êa = 0. From (19), we find that ω̂
′a
bc = Λ̂
a
dΛ̂
f
b e¯
µ
f ∂µ Λ̂
d
c + Λ̂
a
dΛ̂
f
b Λ̂
g
c ω¯
′d
fg = 0,
which yields ω¯′abc = Λ̂
a
d Λ̂
f
bê
µ
f ∂µΛ̂
d
c. Combining this expression with (67), we see that
Ψ dgf = Λ
d
aΛ
b
f Λ
c
g Λ̂
a
h e¯
µ
b ∂µ Λ̂
h
c. Therefore, the transformations given by Eq. (65) are equiva-
lent to a change in the choice of the TF, and the affine connection is undetermined because
the TF is undetermined.
C. MAG and pure-tetrad objects
In this section we show the relation between MAG and tetrad objects in terms of their
components and from the perspective of the TF.
Using Eqs. (16), (51), (53) in Eq. (3.18) of Ref. [25], one can easily check that Eq. (3.18)
is equivalent to Eq. (63). Note that He¯a = Ha and Hea = H˜a. In turn, using Eq. (16), (51),
and (52) in Eq. (3.19) there, we obtain
t λa
e¯
= t λa
e
+
8k
e
∂µ
(
eΠ aλµ
e¯
)
+ 4kω a
e¯ µbΣ
bλµ
e¯
. (68)
Using the same procedure for Eq. (3.21), we find that it is equivalent to
T
e¯
= T
e
+ 2
◦
∇µ
(
ebµω a
e¯ ab
)
. (69)
It is clear that the relation between MAG and pure-tetrad objects can be seen as being
the same as writing the relation between the same components of an object when different
frames are taken as the TF. In other words, Eqs. (3.18), (3.19) and (3.21) of Ref. [25] is a
result of an ATT (see definition IV.6).
D. Regularization
When calculating the energy-momentum of the spacetime we may obtain a divergent
result, even in the cases where the spacetime is asymptotically flat. Nonetheless, since the
affine connection is not unique (the choice of the TF is arbitrary), we can regularize the
result.
In Sec. IV of Ref. [25], the regularization is applied for asymptotically flat spacetimes
and works basically as follows. Let Γ˜ ba (∞) be the values of Γ˜ ba (Levi-Civita connection) at
spatial infinity. Then, to regularize we can use a relocalization of the type
Vˆ = V˜ + dΨˆ, (70)
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where Ψˆ = 1
2κ
Γ˜ab(∞) ∧ ηab. Of course, this procedure is not unique and is not necessary
when the Levi-Civita connection ω˚abc goes to zero fast enough at spatial infinity [see, e.g.,
Eqs. (55)-(57)].
A more fundamental way to avoid divergences is by choosing a TF that already gives
the right behavior for the Levi-Civita connection coefficient ω˚abc, since in this way we
can calculate and interpret the results in finite regions such as the event horizons of the
Schwarzschild and Ker spacetimes [36]. To see how this approach connects to the previous
one, let us use Eq. (59). Multiplying this equation by −η/(2κ) and using V˜ (ϑ¯) = −η/(2κ)T¯
e¯
,
V˜ (ϑ) = −η/(2κ)T
e
, and8 Γ b
e¯a = ω
b
e¯ caϑ
c, we obtain
V˜ (ϑ¯) = V˜ (ϑ)− 1
2κ
d
(
Γ ab
e¯
∧ ηab
)
. (71)
For a convenient choice of e¯a (the new TF), we can have Γ
b
e¯a = Γ˜
b
a (∞) at spatial infinity,
ensuring that Eq. (71) is equivalent to Eq. (70) asymptotically.
The regularization (70) is easier to apply, but it is more limited and arbitrary. The
procedure of finding the best frame to interpret the gravitational energy-momentum may
be harder, nevertheless it can be applied to any spacetime, including nonasymptotically flat
and nonstatic ones. Another advantage is that this procedure allows us to interpret the
gravitational energy-momentum density as measured by a set of observers.
While the only principle guiding us for the regularization procedure is to find a finite
value, which is clear an ambiguous procedure, the principle that would lead to the right
frame for a given set of observers would naturally lead to a unique result for each set of
observers, with a clear interpretation of the result. In the next section we will see under
which conditions a frame can be an ideal frame. (All RIs denoted by a letter without
reference to the TF in the following sections will be assumed to be written in terms of the
TF.)
VI. THE IDEAL FRAMES
An ideal TF is certainly one that allows for a physical interpretation and yields consistent
results. They are not necessarily inertial. In fact, if one wishes to describe the world as it is,
then noninertial frames of references are the only ones available. However, in teleparallelism,
8 Note from Eq. (19) that ω a
e¯ bc = e
µ
b Λ
a
d∂µΛ
d
c .
19
many authors have generally assumed that the ideal TF should not introduce inertial effects.
As we will see, this assumption may not be necessary.
A. Problematic frames versus accelerated ones
Before discussing the ideal frame, let us see an example of the opposite. Suppose that
the spacetime metric is ds2 = dt2 − dx2 − dy2 − dz2 everywhere (Minkowski). If we choose
as the TF
ϑa = (dt, dr, rdθ, r sin θdφ),
ea = (∂t , ∂r ,
1
r
∂θ ,
1
r sin θ
∂φ), (72)
then we will have nonvanishing torsion components and energy: T
(2)
(1)(2) = T
(3)
(1)(3) = 1/r,
T
(3)
(2)(3) = cos θ/(r sin θ), Σ
(0)01 = −1/r, E = −r (within a sphere of radius r), etc. It is
hard to believe that these results have any physical meaning. Hence, we are led to conclude
that this frame is not appropriated to interpret RI quantities.
The above result does not mean that the TEGR predicts that an accelerated observer in
Minkowski measures gravitational energy. In fact, depending on the TF, the TEGR predicts
the opposite.
Theorem VI.1 Let xµ(τ) represent the worldline of a general accelerated observer with
proper time τ . Assume that e µ(0) (τ) = dx
µ/dτ is the observer’s 4-velocity and e(i)(τ) is its
spatial triad. Then, parallel transport (via Levi-Civita) its frame ea to all neighboring points
on the spacelike hyperplane orthogonal to e(0)(τ), thus obtaining the reference frame ea(x¯
µ),
where x¯µ are the local coordinates for the observer. The gravitational energy-momentum
density vanishes if ea(x¯
µ) is taken as the TF.
Proof. The frame described above can be written in the form [37, 38]
e(0) = f
[
∂τ +
(
ωζ(τ)χ− ωχ(τ)ζ
)
∂ξ
+
(
ωξ(τ)ζ − ωζ(τ)ξ
)
∂χ +
(
ωχ(τ)ξ − ωξ(τ)χ
)
∂ζ
]
,
e(1) = ∂ξ , e(2) = ∂χ , e(3) = ∂ζ ,
f = 1/[1 + aξ(τ)ξ + aχ(τ)χ + aζ(τ)ζ ], (73)
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where the ‘as’ are the components of the 4-acceleration of the observer at the origin (ξ =
χ = ζ = 0) and the ωs are the rotations of its spatial triad e(i) with respect to an inertial
frame. The coframe associated with Eq. (73) is
ϑ(0) = f−1dτ,
ϑ(1) = [ωχ(τ)ζ − ωζ(τ)χ]dτ + dξ,
ϑ(2) = [ωζ(τ)ξ − ωξ(τ)ζ ]dτ + dχ,
ϑ(3) = [ωξ(τ)χ− ωχ(τ)ξ]dτ + dζ. (74)
Using Eqs. (73)-(74) in Eq. (21), we find that
T
e(0)(0)(i) = ∂i ln f,
T
e(1)(0)(2) = −Te(2)(0)(1) = −ωζf,
T
e(1)(0)(3) = −Te(3)(0)(1) = ωχf,
T
e(2)(0)(3) = −Te(3)(0)(2) = −ωξf, (75)
where ∂i = (∂ξ , ∂χ , ∂ζ ). Substituting these components into Eq. (22) gives
Σ (j)(j)(i)
e
= −(1/2)∂i ln f (i 6= j),
Σ (0)(1)(2)
e
= −(1/2)fωζ, Σ (0)(1)(3)e = (1/2)fωχ,
Σ (0)(2)(3)
e
= −(1/2)fωξ. (76)
Since all the torsion components have at least one (0) in the second or third indices and
Σ
a(0)c
e = −Σ ac(0)e = 0, we conclude that Te = Σ abce Teabc = 0. The same argument holds
for Σ bcd
e
T
(i)
ebc . So, we are left with t
(j)(0)
e = 4kΣ
bc(j)
e T
(0)
ebc . It is easy to check that this
expression also vanishes. Hence, we have t λa
e
= 0. It is also straightforward to verify that
Eq. (58) (gravitational angular momentum density) vanishes, too.
It was proved in Ref. [35] that for H˜(0) to vanish the spatial rotations must also vanish,
which is in agreement with Eqs.(76) and (53). However, at least in the absence of gravity,
this is not necessary to obtain a vanishing energy.
Why does the frame given by Eq. (72) yield a nonvanishing energy? The answer to
this question lies in the orientation of the spatial triad, as pointed out in Ref. [39]. For
a constant t, the spatial vectors change their orientation from point to point. Note, for
example, that the observer at (r, 0, 0) uses e(3) = ∂y , while the one at (r, π/2, π/2) uses
21
e(3) = −∂x . Therefore, two observers at different points use spatial frames that do not have
the same orientation for a fixed value of t, and the associated rotation has nothing to do
with their motion. They are, in this sense, incoherent. On the other hand, when we use the
frame given by Eq. (73) we have a set of observers that, for a constant τ , use spatial vectors
e(i) that do not have these spurious rotations, since their spatial frame is constructed out of
the parallel transport of the spatial frame of the observer at ξ = χ = ζ = 0. Thus, we can
say that these observers are coherent accelerated observers (see definition VI.1), while the
ones that use Eq. (72) are incoherent static observers.
A remark is in order here regarding the so-called inertial connection. It has been
customary to state that the connection given by Eg. (39) represents only inertial effects
[16, 32, 39, 40]. However, the observers who use the frame given by Eq. (72) are at rest
in an inertial frame. Hence, the transformation connecting them with the static observers
which use ea = (∂t , ∂x , ∂y , ∂z ) has nothing to do with motion, but rather with the incoher-
ence in which the frame (72) is attached to each observer9. This incoherence is due to spatial
rotations that are not a result of any motion. Since inertial effects are related to changes in
the state of motion, we must distinguish spatial rotations that are linked to the motion of an
observer and that are shared with all other family members, such as those of Eq. (73), from
rotations that are not related to any motion and are not shared with the family members.
Therefore, it is important to emphasize that the inertial connection can also manifest this
incoherence that has nothing to do with motion.
1. Spurious static rotations of the 3-velocity
The problems related to spurious static rotations of the 3-velocity of a congruence of
curves have never been discussed before. This is an important issue because the gravitational
energy-momentum tensor is also sensitive to these rotations. To give an example, consider
a Rindler observer that has an acceleration a in the x direction. We can built a congruence
of curves in the plane (t, x) so that the coordinates t = (1/a + ξ) sinh(aτ) and x = (1/a +
ξ) cosh(aτ) represent a set of Rindler observers with accelerations a/(1+aξ) for each constant
9 In fact, the observers that use the frame given by Eq. (72) are basically the same set of static observers
which use ea = (∂t , ∂x , ∂y , ∂z ).
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value of ξ. For these observers, we have
e(0) =
x√
x2 − t2∂t +
t√
x2 − t2∂x ,
e(1) =
t√
x2 − t2∂t +
x√
x2 − t2∂x . (77)
So far so good. Now the problem is how to extend this congruence to other directions. There
are two very intuitive ways: dragging them to y and z (the 3-velocity is parallel transported
along ∂y and ∂z ) or rotating them in such a way that they become radially accelerated
observers. In the former case, the observers continue to be accelerated in the x-direction.
In the latter, however, the 3-velocity of the observers are rotated in such a way that the
congruence acquires spurious static rotations.
The extension of the Rindler congruence and tetrad in the plane (t, x) to the whole
spacetime without adding rotations is achieved by adding the coordinates y, z and taking
e(2) = ∂y and e(3) = ∂z . This congruence is a particular case of Eq. (73). Thus, the
gravitation energy-momentum tensor vanishes.
On the other hand, the radially accelerated frame is not a particular case of (73) and
does not yield a vanishing energy. To see this, let us use the spherical coordinate system
x = ρ sin θ cosφ, y = ρ sin θ sin φ, z = ρ cos θ. The radial extension of Eq. (77) is obtained
by exchanging x for ρ. This gives
e˜(0) = f(t, ρ)∂t + g(t, ρ)∂ρ ,
e˜(1) = g(t, ρ)∂t + f(t, ρ)∂ρ ,
e˜(2) =
1
ρ
∂θ , e˜(3) =
1
ρ sin θ
∂φ , (78)
where f(t, ρ) = ρ/
√
ρ2 − t2 and g(t, ρ) = t/
√
ρ2 − t2; note that we have added e˜(2) and e˜(3).
Now, for convenience, we use the formalism of Sec. VIIA. From Eq. (82), we see that
Eq. (78) can be written in the form e˜a = tˆa
(
f∂t + g∂ρ
) − xˆa (g∂t + f∂ρ) − (yˆa/ρ)∂θ −
[zˆa/(ρ sin θ)]∂φ . In turn, the Lorentz matrix that is used to “align” (it does not always
work) the spatial triad of a frame with the x, y, and z directions can be written as
Λ ba = tˆatˆ
b − ρˆaxˆb − θˆayˆb − φˆazˆb. (79)
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Defining the new frame as eˆa = Λ
b
a e˜b, we obtain
eˆa = tˆa
[
f(t, ρ)∂t + g(t, ρ)∂ρ
]
− ρˆa
[
g(t, ρ)∂t + f(t, ρ)∂ρ
]
− θˆa
ρ
∂θ −
φˆa
ρ sin θ
∂φ . (80)
The spatial triad of this frame is not aligned with the Cartesian direction because of the
Lorentz contraction along the ρ direction. But, here we point out other issue with this frame:
the 3-velocity g(t, ρ)∂ρ rotates artificially when we arbitrarily change the values of θ and φ.
(These rotations have nothing to do with the motion of the accelerated observers.) This set
of observers also gives fictitious effects because of this feature. One of these effects is a false
energy for gravity in Minkowski spacetime and, at the same time, a vanishing momentum.
To see that this is the case, note that the frame (80) is the same as that of Eq. (18) in Ref. [27]
in the absence of gravity. From Eq. (43) there, we find that E = 16πkρ [1− f(t, ρ)], which
vanishes only for g = 0 (f = 1); the momentum P (i) is zero only because f(t, ρ) is spherically
symmetric. The vanishing of P (i) is not a consequence of the absence of gravity, but rather
a consequence of the spherical symmetry of g(t, ρ)∂ρ . If we remove this symmetry, then an
artificial gravitational momentum would appear. (We will discuss this issue in more detail
in Sec. VIC.)
The previous explanation motivates the following definition.
Definition VI.1 A set of observers whose spatial triad and 3-velocity do not have spurious
static rotations will be called coherent observers.
This definition includes the observers given by Eq. (73) as a particular case. Furthermore,
it does not exclude the possibility of artificial rotations: Although the rotations produced
by ~ω in Eq. (73) are connected to the motion of the observer, they may still be considered
artificial in some cases. For example, for the Rindler observers given by Eq. (77), we can let
e
(2)
and e
(3)
rotate artificially as long as the rotations are constant or functions of the proper
time of the fiducial observer. So, it is not clear yet how the ideal frame should be defined.
But it is certainly a frame adapted to a subset of coherent observers. We need a principle
to find this subset. We discuss this principle in the next subsections.
B. The principle of equivalence
In Ref. [3] Maluf states that the vanishing of the gravitational energy-momentum, P a,
in the Schwarzschild case is in agreement with the principle of equivalence. This is true,
however, it is not a necessary condition for this principle to hold. As was pointed out in
[41], a freely falling frame is not necessarily a local inertial reference frame. In fact, the
vanishing of both Πab and tab along a curve will depend on the chosen congruence of curves:
we can find congruences where these tensors does not vanishing along a freely falling frame
(see, e.g., Refs. [30] and [35]) and, more importantly, we can find a congruence that makes
them vanish along a particular curve regardless of the acceleration. As far as we are aware,
the latter fact has not been proved yet. Let us state it as a theorem10.
Theorem VI.2 Let ea be the proper reference frame (PRF) of an accelerated observer O.
Then, if γ is the observer’s worldline, we will have Πab|γ = tab|γ = 0.
Here, we prove this theorem in two different ways: Since the frame given in Eq. (73) re-
produces the metric of an arbitrary curved spacetime to first order in the observer’s proper
coordinates [see, e.g., Eq. (13.71) of Ref. [42]], then the vanishing result for both Πab and tab in
Minkowski spacetime implies that they also vanish along the observer’s worldline in a curved
spacetime. A second way of proving this is to write the affine connection coefficients given
by Eqs. (13.69a)-(13.69b) in Ref. [42] in the form ω˚abc |γ = δ(0)b
(
aaδ(0)c − acδa(0) + ωdε(0)decηea
)
,
where aa (a(0) = 0) is the observer’s acceleration, ωd the rotations, and εabcd the Levi-Civita
tensor. Then, by direct substitution into Eq. (57), we find that tab|γ = 0. To check that
Eq. (58) also vanishes, we can use e µa |γ = δµa .
Some comments are in order:
1. Let tλa be calculated in the PRF of an accelerated observer. The vanishing of tλa
along this observer’s worldline does not mean that the observer’s acceleration does
not affect tλa. It does affect, but only outside the observer’s worldline: tλa in the PRF
is insensitive to the fiducial observer’s accelerations only to first order.
2. The fact that tλa (when adapted to a PRF) is disconnected from inertial effects locally
has two different aspects. On the one hand, it circumvents the criticism that one can
10 This theorem generalizes the statement made below Eq. (38) in Ref. [41].
conveniently “remove” the gravitational energy density along an observer’s worldline
by just transforming an arbitrary metric tensor to a Minkowski one locally. (The
gravitational energy would already be “absent” if the PRF were the ideal frame.). On
the other hand, it prevent us from simulating a gravitational energy density by means
of an accelerated observer.
3. In principle, there is no need to demand that tλa satisfy the equivalence principle. Af-
ter all, this will not change the fact that, at the classical level, the TEGR is equivalent
to GR. (Particles follow the geodesic of the Levi-Civita connection.) Thus, we can in-
terpret the equivalence principle as the possibility, but not the necessity, of making tλa
vanish in a local inertial reference frame for a peculiar congruence. (This congruence
does not have to be the ‘ideal one’.)
4. Argument against the PRFs. Taking the PRF of a particular observer as the ideal
frame does not seem to be a good idea because, from theorem VI.2, we see that we can
make Πab and tab vanish along any curve we want. This clearly makes this densities
meaningless. In addition, all the consistent calculations of P a in the literature and in
Secs. VIII and X here have been made with tetrad fields that are not PRFs.
It is worth noting here that the frame used by Maluf et. al. in Ref. [43] to obtain E = 0
is not the PRF of any of the freely falling observers, except those at spatial infinity. This is
clear because tab vanishes only when r →∞ [see, e.g., Eq. (58) of Ref. [27]].
C. The calculation of energy and momentum
Now that we have excluded the PRF of a particular observer as an ideal frame, we have to
find a different way to approach this problem. Since our focus is on energy and momentum,
now we discuss how these quantities are calculated.
In general, to calculate the energy of a system of particles or fields, we consider a set of
observers whose velocities are the same: they are either at rest or share the same velocity.
For example, the energy of an electron that is moving with respect to a set of inertial
observers is the famous expression γmc2, where γ and m are the Lorentz factor and the
electron mass, respectively. In the rest frame, we have mc2. The common factor between
these two frames is the uniformity of the observer’s velocity. It would not make sense to say
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that the energy of this electron with respect to a set of observers whose velocities are not
the same is γ(v)mc2, because there would not be a unique (or effective) velocity ~v. This
becomes even more pronounced when we are calculating the energy of a field that fills the
whole spacetime, where, in principle, we need to include the ‘measurements’ of every single
observer.
Let’s assume, for example, that we have a set of observers that moves in one direction
and another set that moves in the opposite direction with respect to a static gravitational
field; one set covers half of the spacetime and the other covers the other half. In this case,
if we mixed the calculation of the gravitational momentum, we would get a result that is
hard to interpret because the momentum density measured by one set would be negative
while the one measured by the other set would be positive; the net effect could even be zero.
[see, e.g., Eq. (123); see also Eq. (43) in Ref. [27].] It is clear, then, that we cannot use two
observers that have arbitrarily different velocities in the same congruence.
These arguments suggest that we should take a congruence where all the curves had the
same constant velocity. The problem with that idea is that it would exclude accelerated
observers. We could relax this requirement by allowing the velocities of the observers to
change only in time, but remain the same for all curves at a fixed coordinate time (or
perhaps proper time), as is done by Maluf in Ref. [44]. (It is worth noting that this choice
excludes interesting observers such as the Rindler ones11.)
It is reasonable to think that the frame that is free from inertial effects in a curved
spacetime is the closest we can get to a global Lorentz frame. In such a frame, at least
in principle, the non-uniformity of the frame is caused by the gravitational energy and
momentum only. Therefore, if this frame exists, then it uniquely separates inertia from
gravity.
We can say with a fair degree of confidence that if a frame ea is the closest we can get
to a inertial frame, then when all physical parameters (mass, electric charge etc) vanish,
we must have ω˚abc = 0 [see, e.g., Eqs. (55)-(57)]. This is equivalent to demanding that the
frame be a holonomic frame in Minkowski: Applying Eq. (12) for the Levi-Civita connection
(vanishing contorsion), we see that if Ωabc = 0, then ω˚
a
bc = 0. On the other hand, using
12
Ωabc = ω˚
a
cb − ω˚abc , we see that Ωabc also vanishes when ω˚abc = 0. This type of tetrad as
11 These observers can be seen as a rigid rod that accelerates in a fixed direction in Minkowski spacetime.
12 This identity can be easily derived from Eq. (9) applied to a torsionless connection.
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been named proper tetrad (PT) by Tiago et al [35]. The motivation for this tetrad is the
following theorem.
Theorem VI.3 Let ea be a tetrad field. This tetrad is holonomic if and only if it is a global
inertial frame of reference.
Proof. Taking Ωabc = 0 (ω˚
a
µb = 0), we immediately see that, for any curve x
µ(τ), we have
D˚eb/dτ = (dx
µ/dτ)ω˚aµbea = 0. Furthermore, since the frame is holonomic, there must exist
a coordinate system (t, x, y, z) where the coframe is ϑa = (dt, dx, dy, dz) everywhere. On the
other hand, if we assume that the frame is inertial, we will have ω˚abc = 0→ Ωabc = 0. This
proof is similar to that of Ref. [45], p. 83. Hence, a PT becomes a global inertial frame of
reference when gravity is absent.
As is well known, the PT is not uniquely defined by the metric, and the description of
the gravitational energy momentum changes as we change the PT. This leads to different
predictions of energy, as exemplified in Sec. X. Some authors argue that this frame does
not include inertial effects (see, e.g., Sec. IV B of Ref. [35]). However, this is not true. As
discussed in Ref. [27], many types of accelerated frames can be set to be a PT: we just have
to change the external forces that accelerate them in way that the 4-acceleration vanishes
in the absence of gravity.
To remove this ambiguity, it is necessary to choose only one of the possible PTs. Here,
we demand that the PT satisfy the conditions
e(i)j = e(j)i, e
0
(i) = 0 (i, j = 1, 2, 3). (81)
for a particular coordinate system. We assume that these conditions define a unique coor-
dinate system. If not, then we will take the closest one to a Lorentz coordinate system.
It is worth noting that, in Ref. [46], Eqs. (4.4a)-(4.4b), Maluf et al. present these con-
ditions demanding that the components of the tetrad be written in a Cartesian coordinate
system. However, not all spacetimes admit such a coordinate system, and some admit more
than one coordinate system that looks like Cartesian. That is the reason why here we avoid
saying that the components given by Eq. (81) are written in a Cartesian basis.
Maluf et al. also state that this frame “establish a unique reference space-time that is
neither related by a boost transformation, nor rotating with respect to the physical space-
time.” If this is true for the PT satisfying the conditions given by Eq. (81), then this frame
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is the closest we can get to a global Lorentz frame in a curved spacetime. In addition, we
could interpret it as the only frame that carries only gravitational effects and really separates
inertia from gravity.
The following definitions will be of great value for the next sections.
Definition VI.2 A PT satisfying the conditions given by Eq. (81) will be called the funda-
mental frame (FF).
Definition VI.3 Let ea be the FF of a certain spacetime. The frame given by Λ
b
a eb (or
Λbaeb) will be called an ideal frame (IF) if the transformation Λ
b
a does not include artificial
rotations and depends only on the time coordinate of the coordinate system that allows us to
write the FF in the form given by Eq. (81).
It is clear that the FF is an IF. Notice that these definitions do not fix these frames as
TFs. The discussion whether the FF should be the TF will be left for section IXA. It is also
clear that, although the definition VI.3 restricts the possible congruences, an IF can still be
adapted to any accelerated worldline: there is no restriction on the fiducial observer, only
on the congruence. Nevertheless, in this article, we give examples of IFs moving only along
the direction defined by a Cartesian coordinate.
Three different calculations for the energy of gravitational waves will be presented in
Sec. X. As will become clear there, the most consistent calculation is the one made with an
IF.
For some time, the idea of a reference frame was ambiguous because it was mixed with
the idea of a coordinate system. Nowadays, there is a clear distinction between them:
coordinates are used to assign four numbers to events in spacetime, while a frame of reference
is seen as a space filling system of hypothetical instruments with arbitrary velocities13. There
is no restriction either on their spatial triads or on the congruence. This allows one to
take any congruence of timelike curves as a reference frame without worrying about the
orientation of their spatial frames or 3-velocity. Since in GR the focus is only on AIs, this
definition is not a problem. However, for theories with RIs, it seems that we need a more
restricted definition. The definition VI.3 is an attempt to refine the idea of a physical frame
of reference.
13 For more details, see section 6.3 of Ref. [47]
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VII. HYBRID MACHINERY
In this section we improve the machinery developed in Ref. [27]. This machinery is
very useful in simplifying the calculations whenever we mix the directions of a Cartesian
coordinate system with the directions of any other coordinate system. This mixing can be
done with many different coordinate systems, however, here we focus on the spherical and
cylindrical coordinate systems.
A. Mixing Cartesian unit vectors with spherical ones
Let (ρ, θ, φ) and (x, y, z) be the spherical and the Cartesian coordinate systems. The
relation between them is given by x = ρ sin θ cosφ, y = ρ sin θ sinφ, and z = ρ cos θ. From
these expressions, we can define the unit vectors:
tˆa ≡ δa
(0)
, ρˆa ≡ sin θ(cosφxˆa + sinφyˆa) + cos θzˆa,
θˆa ≡ ∂θ ρˆa = cos θ(cosφxˆa + sinφyˆa)− sin θzˆa,
φˆa ≡ ∂φ (ρˆa/ sin θ) = − sin φxˆa + cosφyˆa,
xˆa = δa
(1)
, yˆa = δa
(2)
, zˆa = δa
(3)
. (82)
Without loss of generality, we can define the act of raising and lowering the indices of these
vector with the Minkowski metric: tˆa ≡ ηabtˆb = δ(0)a , xˆa ≡ ηabxˆb = −δ(1)a and so on. Note
that tˆa = tˆ
a, ρˆa = −ρˆa, etc. It is also easy to see that tˆatˆa = 1, ρˆaρˆa = −1, and so on. These
vectors also satisfy the relations
∂θ θˆ
a = −ρˆa, ∂φ θˆa = cos θφˆa,
∂θ φˆ
a = 0, ∂φ φˆ
a = − sin θρˆa − cos θθˆa,
∂µ tˆ
a = 0. (83)
Now, for a given curved spacetime gµν , we can adopt a tetrad field e
µ
a such that gµν =
eaµe
a
ν . Once we have chosen the tetrad we want to work with, we can use the following
definitions:
tˆλ ≡ e λa tˆa, ρˆλ ≡ e λa ρˆa, θˆλ = e λa θˆa, φˆλ ≡ e λa φˆa, (84)
which imply tˆµtˆµ = e
µ
a ebµtˆ
atˆb = tˆatˆa = 1, and of course ρˆ
µρˆµ = θˆ
µθˆµ = φˆ
µφˆµ = −1.
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Expanding the tetrad field in terms of the unit vectors and using Eq. (84), we find that
e λa = tˆ
λtˆa − ρˆλρˆa − θˆλθˆa − φˆλφˆa, (85)
eaλ = tˆλtˆ
a − ρˆλρˆa − θˆλθˆa − φˆλφˆa. (86)
It follows from gµν = e
a
µeaν that
gµν = tˆµtˆν − ρˆµρˆν − θˆµθˆν − φˆµφˆν . (87)
In this formalism, it becomes easier to go from the coordinate basis to the tetrad one .
For instance, from Eq. (87) we can infer that the components of the metric tensor in the
tetrad basis can be written as ηab = tˆatˆb − ρˆaρˆb − θˆaθˆb − φˆaφˆb. This suggests that, in order
to simplify the calculations, we should write most of the objects in terms of the unit vectors
{tˆµ, ρˆµ, θˆµ, φˆµ}.
The torsion components T aµν can be expanded as
T aµν = T
(0)
µν tˆ
a − T ρˆµν ρˆa − T θˆµν θˆa − T φˆµν φˆa. (88)
To calculate the superpotential, it is useful to use the identity
gλ[νT µ] = tˆλtˆ[νT µ] + ρˆλρˆ[µT ν] + θˆλθˆ[µT ν]
+ φˆλφˆ[µT ν]. (89)
In turn, to calculate tµν , we can use
−keaλT = kT (−tˆλtˆa + ρˆλρˆa + θˆλθˆa + φˆλφˆa). (90)
So far we have not fixed the coordinate system: Although we have used the unit vectors
of the Cartesian and spherical coordinate systems, we can write {tˆµ, ρˆµ, θˆµ, φˆµ} in any coor-
dinate system we want, with or without performing a change of the coordinate basis. For
example, we can write tˆ = tˆt(u, v, w, q)∂t+ tˆ
ρ(u, v, w, q)∂ρ + tˆ
θ(u, v, w, q)∂θ + tˆ
φ(u, v, w, q)∂φ,
where (u, v, w, q) is some coordinate system; or tˆ = tˆu(u, v, w, q)∂u + tˆ
v(u, v, w, q)∂v +
tˆw(u, v, w, q)∂w+ tˆ
q(u, v, w, q)∂q and so on. This freedom gives us the opportunity to perform
the calculations in the most convenient way.
If we choose to work only with spherical coordinates, then by substituting Eq. (86) into
(21) we find that the components in Eq. (88) will be given by
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T (0)µν = 2∂[µtˆν], (91)
T ρˆµν = 2∂[µρˆν] − 2δ2[µθˆν] − 2 sin θδ3[µφˆν], (92)
T θˆµν = 2∂[µθˆν] + 2δ
2
[µρˆν] − 2 cos θδ3[µφˆν], (93)
T φˆµν = 2∂[µφˆν] + 2 sin θδ
3
[µρˆν] + 2 cos θδ
3
[µθˆν]. (94)
Again, if we have a term like T aµν = ()tˆ
atˆ[µρˆν], we know immediately that T
a
bc = ()tˆ
atˆ[bρˆc],
and T λbν = ()tˆ
λtˆ[bρˆν] etc. In the last example, we have tˆ[bρˆν] ≡ (1/2)(tˆbρˆν − tˆν ρˆb). In some
cases, we can use the definition tˆ[bρˆ
ν] ≡ (1/2)(tˆbρˆν − tˆν ρˆb).
Equations (91)-(94) are particularly useful when we are working with a radial motion and
the spacetime is spherically symmetric.
The whole formalism shown in this section is compatible with that of MAG. It is possible
that, by using them together, we could improve the calculations even more.
B. Mixing Cartesian and cylindrical unit vectors with spherical coordinates
Sometimes it is more convenient to work with the unit vectors of the cylindrical coordinate
system because the frame used possess this symmetry. This is exactly the case of Sec. VIII.
For x = s cosφ, y = s sinφ, and z = z, we have:
sˆa ≡ cosφxˆa + sinφyˆa, φˆa ≡ ∂φ sˆa, ∂φ φˆa = −sˆa. (95)
The tetrad field can be written as
e λa = tˆ
λtˆa − sˆλsˆa − φˆλφˆa − zˆλzˆa, (96)
eaλ = tˆλtˆ
a − sˆλsˆa − φˆλφˆa − zˆλzˆa, (97)
while the metric becomes
gµν = tˆµtˆν − sˆµsˆν − φˆµφˆν − zˆµzˆν . (98)
Since we are going to apply this formalism to the Schwarzschild spacetime, which is
spherically symmetric, we will use the spherical coordinate system xµ = (t, ρ, θ, φ) and its
coordinate basis (∂t , ∂ρ , ∂θ , ∂φ). Applying ∂µ to Eq. (95) and using Eq. (82), we obtain
∂µ sˆ
a = δ3µφˆ
a, ∂µ φˆ
a = −δ3µsˆa. (99)
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Like T aµν in Eq. (88), the torsion components here can be written in the form
T aµν = T
(0)
µν tˆ
a − T sˆµν sˆa − T φˆµν φˆa − T zˆµν zˆa. (100)
Now, using Eqs. (97) and (99) into Eq. (21), and comparing the result with Eq. (100), we
find that
T (0)µν = 2∂[µtˆν], (101)
T sˆµν ≡ 2∂[µsˆν] − 2δ3[µφˆν], (102)
T φˆµν ≡ 2∂[µφˆν] + 2δ3[µsˆν], (103)
T zˆµν ≡ 2∂[µzˆν]. (104)
The equivalents of Eqs. (89) and (90) are
gλ[νT µ] =− tˆλtˆ[µT ν] + sˆλsˆ[µT ν] + φˆλφˆ[µT ν]
+ zˆλzˆ[µT ν], (105)
−eaλT = T (−tˆλtˆa + sˆλsˆa + φˆλφˆa + zˆλzˆa). (106)
We could go on and define the equivalents of Eqs. (100)-(104) to other coordinate
systems, but the procedure would be basically the same.
VIII. ACCELERATED OBSERVERS IN SCHWARZSCHILD SPACETIME
Let us now apply the hybrid machinery to a tetrad field adapted to accelerated observers
in the Schwarzschild spacetime.
In isotropic coordinates, we have
ds2 =A2dt2 − B2(dx2 + dy2 + dz2)
=A2dt2 − B2(dρ2 + ρ2dθ2 + ρ2 sin2 θdφ2), (107)
where B = [1 + r0/(4ρ)]
2, r0 = 2m, and A = 2/B
(1/2) − 1.
In the Cartesian basis, the static tetrad can be written in the form
e¯a =
1
A
tˆa∂t −
1
B
(
xˆa∂x + yˆa∂y + zˆa∂z
)
, (108)
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where xˆa, yˆa, zˆa are given by Eq. (82). It is easy to check that this frame is the FF of
the Schwarzschild spacetime (see definition VI.2). (Of course, it is unique only up to global
spatial rotations.)
We can build a frame adapted to accelerated observers by applying the LLT
Λ ba = (f tˆa − gzˆa)tˆb + (gtˆa − f zˆa)zˆb − xˆaxˆb − yˆayˆb, (109)
where f = f(t, z) (Lorentz factor) and g = g(t, z) = ±
√
f 2 − 1. Note that this is not an
IF because f depends on z. We will perform the calculations in this more general frame to
show the problems that may arise when using a nonuniform Λab.
Using Eq. (109) and ea = Λ
b
a e¯b, we find that
e λ¯a = (
f
A
δλ¯0 +
g
B
δλ¯3 )tˆa −
1
B
δλ¯1 xˆa −
1
B
δλ¯2 yˆa
− ( g
A
δλ¯0 +
f
B
δλ¯3 )zˆa, (110)
where the overbar denotes the Lorentzian coordinate system x¯λ = (t, x, y, z). Changing
these components to the spherical coordinate system and using Eq. (95), we find that
tˆλ =
f
A
δλ0 +
g
B
(cos θδλ1 −
sin θ
ρ
δλ2 ), (111)
sˆλ =
sin θ
B
δλ1 +
cos θ
ρB
δλ2 , (112)
φˆλ =
δλ3
ρB sin θ
, (113)
zˆλ =
g
A
δλ0 +
f
B
cos θδλ1 −
f
ρB
sin θδλ2 . (114)
Lowering the indices, we obtain
tˆλ = fAδ
0
λ −Bg(cos θδ1λ − ρ sin θδ2λ), (115)
sˆλ = −B sin θδ1λ − ρB cos θδ2λ, (116)
φˆλ = −ρB sin θδ3λ, (117)
zˆλ = gAδ
0
λ − fB cos θδ1λ + fρB sin θδ2λ. (118)
The next step is to invert these expression so as to write the ‘deltas’ in terms of {tˆλ, sˆλ, φˆλ, zˆλ}.
Once we have the ‘deltas’ written in this basis, then we can write everything else in terms
of it. The remaining calculations can be found in appendix B.
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A. Gravitational angular momentum density
From Eq. (B28) in appendix B and Eq. (35), we find that
Mab =
8keh6
A
(
f sin θtˆ[asˆb] + cos θtˆ[azˆb] + g sin θsˆ[azˆb]
)
, (119)
where we have used the identity gh12− fh14 = −h6 cos θ [ see Eq. (B5)]; the determinant of
the tetrad field is e = AB3ρ2 sin θ, while h6 is given by
h6 = − r0
2ρ2B(3/2)
. (120)
Note that, since h6 vanishes when r0 = 0, the density M
ab vanishes in the absence of gravity.
Substituting Eq. (119) into Eq. (34) and integrating over a spherical volume, we get
Lab =− 16πk
(∫ r
0
B3ρ2h6dρ
)
×
(∫ π
0
dθ sin θ cos θ
)
tˆ[azˆb] = 0, (121)
where we have used
∫ 2π
0
sˆadφ = 0. The integral in ρ diverges, though. This might be a
problem for frames that are not axially symmetric.
As expected, the total angular momentum of the gravitational field vanishes. (The ob-
servers’ trajectories are symmetric.) With respect to the density, we see in Eq. (119) that
the contribution to L(i)(j) comes from the third term, which is associated to rotations of
the gravitational field in the plane (sˆa, zˆa); using Eq. (120) we can write this contribution
as M (i)(j) = 4kgr0B
(3/2) sin2 θzˆ[(i)sˆ(j)], which corresponds to an angular momentum in the
direction of −φˆa for g > 0 (recall that L ∼ −M). This density vanishes at θ = 0, π and
reaches its maximum when θ = π/2. These properties are consistent with our intuition.
It is worth noting that Eq. (119) yields Mab = (8keh6/A)tˆ
[aρˆb] for static observers (f = 1
and g = 0), where ρˆ is given by Eq. (82). Since M (i)(j) vanishes, the angular momentum
density also vanishes, as expected; the density associated to the gravitational center of mass
moment, however, does not vanish (we have rotations in the (t, ρ) plane). These results are
consistent with those of Ref. [3]
It is also interesting to note that Mab = (8keh6/A)tˆ
[aρˆb] does not vanish along the world-
line of any static observer (except for r → ∞), which means that the frame given by
Eq. (108) is not the PRF of any of these observers (see theorem VI.2). It is clear in this
example that the PRF is incompatible with the FF. This is important because both Mab
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and tµa are ambiguous in PRFs. (Recall that we can make Mab and tµa vanish along any
worldline by using the PRF, regardless of the spacetime.)
B. Gravitational energy
Let us now calculate the gravitational energy within a sphere of radius ρ. By exchanging
the letter b (tangent space index) for 1 (the coordinate index associated with ρ) in Eq. (B28)
and using Eqs. (111)-(114), we get
Σa01 =
∂ρB
AB3
[−f(t, z)tˆa + g(t, z)zˆa]+ sin θ
2fAB2
(∂zg)sˆ
a, (122)
where we have used the identities h14 cos θ+fh6 sin
2 θ = fh6 and h12 cos θ+ gh6 sin
2 θ = gh6
[see Eq. (B5)].
Substituting Eq. (122) into Eq. (33) and simplifying, we obtain
P a =
Es
2ρ
∫ ρ
−ρ
dz
[
f(t, z)tˆa − g(t, z)zˆa] , (123)
where Es = −16πkρ2∂ρB = 8πkr0[1 + r0/(4ρ)] is the energy measured by the static ob-
servers, and the integral in θ has been changed to an integral in z. [The value of Es in the
Schwarzschild coordinate system can be found in Ref. [27], Eq. (45) with f = 1.]
It is clear in Eq. (123) that P a is zero when r0 = 0 (no gravity). For r0 6= 0, however,
things get more complicated. As discussed before (Sec. VIC), to have a meaningful calcula-
tion of the energy of a field, we need uniformity. This uniformity can be achieved by taking
f = f(t) and g = g(t), in which case we have P a = f(t)Estˆ
a − g(t)Eszˆa. This is exactly
what we should expect: a ‘particle’ of mass Es moving with velocity v = −g(t)/
√
1 + g(t)2.
If we let the observers’ velocity depend on z, then we will have to impose some restrictions
on f and g. The first one is to assume that they are even functions of z (see the discussion
in Sec. VIC). The second one is to take the asymptotic limit. (We will see that the first
restriction is necessarily only asymptotically.)
We can recast the first integral in Eq. (123) as
∫ ρ
−ρ
dzf(t, z) =
∫ −a
−ρ
f(t, z)dz+
∫ a
−a
f(t, z)dz+∫ ρ
a
f(t, z)dz, where a is an arbitrary positive constant. Because of the factor 1/ρ in Eq. (123),
if the second integral above does not diverge at ±a, then this integral will not contribute to
P a at spatial infinity. Besides, the gravitational momentum will not depend on a. In this
case, we can write
∫ ρ
−ρ
dzf(t, z) = 2
∫ ρ
a
f(t, z)dz, where we have used f(t, z) = f(t,−z). The
36
same holds for the second integral in Eq. (123). Hence, the limit of Eq. (123) as ρ goes to
infinity is
P a∞ = lim
ρ→∞
Es
(
tˆa
ρ
∫ ρ
a
f(t, z)dz − zˆ
a
ρ
∫ ρ
a
g(t, z)dz
)
. (124)
It is easy to calculate these integrals because we need only f and g in the limit z →∞.
If limz→∞ f(t, z) = γ(t) and limz→∞ g(t, z) = β(t)γ(t), then we will obtain the 4-momentum
of a particle in special relativity: P a∞ = γ(t)mtˆ
a − β(t)γ(t)mzˆa, where m is the black hole
mass. As an example, let us take the Lorentz factor of the Rindler observers, namely,
f(t, z) = |z|/√z2 − t2 and g(t, z) = t/√z2 − t2. To guarantee that the trajectories are
symmetric, we synchronize the observers in the region z < 0 with those in region z > 0 as
shown in Fig. 1. For constant t and z ≫ t, we see that f(t, z) ≈ 1 and g(t, z) ≈ t/|z|, which
gives P a∞ = Estˆ
a (the observers are at rest at infinity). Another interesting example, which
we will discuss later, is a frame with f(t, z) = γ(t)/
√
B(|z|). For z ≫ r0, we get f ≈ γ(t)
and g ≈√γ(t)2 − 1. Then, for this case, we have P a∞ = γ(t)mtˆa − β(t)γ(t)mzˆa.
FIG. 1. In this figure we show how to connect the observers in the region z > 0 with those in
z < 0 so as to have f(t′,−z) = f(t′, z) and g(t′,−z) = g(t′, z) at a instant t′. While the curves
on the right are f(t, z) = |z|/√z2 − t2 and g(t, z) = t/√z2 − t2, those on the left are given by
f(t, z) = |z|/
√
z2 − (2t′ − t)2 and g(t, z) = (2t′ − t)/
√
z2 − (2t′ − t)2. This ensures that all the
observers are moving towards the right and in a symmetric way.
The above examples show that the mess caused by the non-uniformity in the frame
cancels out at infinity, if the observers’ velocity are finite and, of course, uniform there. How
about non-asymptotic spacetimes? Well, in this case we have to demand that the velocity
be uniform everywhere, i.e., v = v(t) with respect to the FF.
37
C. Acceleration
The antisymmetric acceleration tensor can be written in the form [see, e.g., Eq. (9) of
Ref. [3]]
φab =
1
2
(T(0)ab + Ta(0)b − Tb(0)a ). (125)
(It is easy to show that φab = ω˚b(0)a = Ka(0)b .) From Eq. (B20), one can check that 2T
[µ|λ|ν] =
T λµν . Hence, the above expression reduces to φab = T(0)ab . Substituting Eq. (B16) into this
expression, we obtain
φab = 2h7tˆ[asˆb] + 2h8tˆ[azˆb] + 2h9sˆ[azˆb], (126)
where the functions h7, h8, h9 can be found in Eq. (B5). So, the frame acceleration is given
by
ab = h7sˆ
b + h8zˆ
b. (127)
The components h7 and h8 are accelerations along sˆ and zˆ, respectively. (The component
h7 is a result of an external force that prevents the observers from moving towards the black
hole.) The function h9 is associated to a rotation of the spatial frame about an certain
direction in the tangent plane formed by ∂x e ∂y : φ(1)(3) = h9 cosφ and φ(2)(3) = h9 sinφ. (As
pointed out in Sec. VIA, not all spatial triad rotations are problematic.)
D. Energy density
It is desirable to have a theory where the gravitational energy density cannot be made to
vanish along the observer’s worldline. Here we show that, for the tetrad given by Eq. (110),
we cannot cancel this density if the frame is an IF, i.e., if f = f(t).
We can take ν = 0 and exchange the coordinate index α for the tangent space one (0) in
Eq. (B30), then use Eqs. (82), (95), and (111)-(114) to simplify the expression and substitute
the result into Eq. (28). To calculate the second term of Eq. (28), we can use Eqs. (B31),
(96), and procedure in a similar way. Doing this, we obtain
t0(0) = k
[
(2h29 + 2h7h15 + 4h8h14 − 4h212 − 8h10h12
− T )tˆ0 + (4h12h18 − 2h9h13)zˆ0
]
. (128)
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Now, using Eq. (B5) and the identity ∂ρf(t, z) = cos θ∂zf(t, z), we can write this component
as
t0(0) =
kr0
ρ2AB(7/2)
[∂ρ (fB) +B∂ρf ] . (129)
The energy density will vanish if ∂ρ (fB) + B∂ρf = 0. The solution for this equation
is f(t, z) = γ(t, θ)/
√
B(ρ), where γ(t, θ) is an integration constant. However, since
√
B =
(1+ r0/(4ρ)), the dependence on θ cannot disappear. Thus, we can make the energy density
vanish only along the z axis (θ = 0, π). In this case, we have f(t, z) = γ(t)/
√
B(|z|). This
case corresponds to the example given in Sec. VIIIB [see text below Eq. (124)], where we
have extended this Lorentz factor to all observers and have shown that the value of P a at
infinity is consistent.
Despite the fact that P a for f(t, z) = γ(t)/
√
B(|z|) is consistent at infinity, the curve
that makes (129) vanish is not the curve of one particular observer, but rather the collection
of many observers: for t constant, we have different observers for different values of z, each
with a Lorentz factor given by f(t, z) = γ(t)/
√
B(|z|).
It is clear that these observers have different velocities (with respect to the FF) at an
instant t. So, the frame is not an IF; to be an IF, we need to restrict ourselves to the
case f = f(t). By removing the dependence on z and coming back to Eq. (129), we see
that t0(0) ∼ f(t)∂ρB, which cannot vanish. Therefore, if the congruence is that of an IF,
the gravitation energy density will not vanish at any finite point of an accelerated observer
whose trajectory is in the z direction of the isotropic coordinate system. Whether this is a
general property of IFs or just a coincidence is an open question.
We have implicitly assumed that the accelerated frame can be (or must be) taken as the
TF. The question whether this is true will be discussed next.
IX. TELEPARALLEL VERSUS NON-TELEPARALLEL COMPONENTS
In Ref. [29], Obukhov et. al choose a particular TF ea and arrive at a vanishing energy
for gravitational waves. Then they conclude that, since the result is covariant, it remains
null in all reference frames. This could be true only if we assume that the observers which
use the frame e¯a measure t¯
a
e b, rather than t¯
a
e¯ b. In this case, for consistency, there should be
a fundamental principle to justify why the particular tetrad ea should always be the TF for
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gravitational waves. This raises the question of whether non-teleparallel components have
any physical significance at all.
A. Possible interpretations
We have seen that the torsion tensor in teleparallel theories is not an AI (see definition
IV.3) and that different TFs will lead to different energies and momenta. So, the teleparallel
theories in the way it has been used is ambiguous. How can we solve that problem? Well,
the first step towards the solution have been given in Sec. VI.
Although the IF solves the problem with spurious frames, it does not fix the TF. To be
more precise, we still have the following possible interpretations:
Teleparallel component (TC) interpretation: The RIs are meaningful only when cal-
culated in the TF and the TF is not fixed.
Non-teleparallel component (NTC) interpretation: All non-teleparallel components
of the RIs are meaningful. (A fixed TF is necessary.)
Fundamental frame (FF) interpretation: The FF must always be taken as the TF and
some, but not all, non-teleparallel components may be meaningful.
Now we discuss these interpretations in detail.
1. TC interpretation
This interpretation seems to be the most common in the literature. It is basically the
essence of the pure-tetrad formalism. We have used it implicitly in the calculations of
Sec. VIII.
In this interpretation, there is no fixed TF: if we want to calculate the components of a
RI in an ideal accelerated frame, then we take this frame as the TF. (Note that, unlike what
has been done in the pure-tetrad formalism, here, we use only IFs.)
The meaning of torsion in the TC interpretation is two-fold: in the absence of gravity, it is
attached to the nonclosure of infinitesimal parallelograms due to accelerations and rotations
only (see the next paragraph); in the presence of a gravitational field, it can measure both
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gravity and acceleration. The association of torsion with the nonclosure of parallelograms
in the context of the Pound-Rebka experiment was discussed by Maluf et al. in Ref. [24] .
In the absence of gravity, we have the Minkowski spacetime and the FF is simply e¯aµ = δ
a
µ.
Thus, a general IF in Minkowski will be given by eaµ = Λ
a
b(t)δ
b
µ. By substituting this
expression into Eq. (21), we obtain T a
e µν = (dΛ
a
b/dt)
(
δ0µδ
b
ν − δ0νδbµ
)
, which clearly does not
vanish in general [a simple example is given by Eq. (109) with f and g depending on t only].
Although the torsion is not zero, it is possible to show that both Mab and tµa are; therefore,
the TC interpretation gives consistent results in Minkowski.
With respect to the Minkowski spacetime, an interesting point should be emphasized
here. Unlike an Euclidean space, where you can use a holonomic frame even in a rocket, in
Minkowski, an accelerated frame is necessarily anholonomic, and this property is not just
a matter of choice; it is due to the physical interaction which produces the acceleration.
Therefore, the association of torsion with the nonclosure of infinitesimal parallelograms
due to acceleration should not be seen as meaningless: the acceleration affects the proper
coordinates and these coordinates have physical meaning.
2. NTC interpretation
This does not seem to be a good interpretation. To see why, let us rewrite Eq. (26) for
the case G˚µν = 0 (no matter field):
∂α (eΣ
aµα
e¯
) =
e
4k
ǫ µa
e¯
ǫ µa
e¯
= t µa
e¯
− 4kω a
e¯ αbΣ
bµα
e¯
. (130)
It is clear in these expressions that we are assuming that e¯a is the TF while ea is not. So,
ω a
e¯ αb is not zero, in general. Since this connection is not always zero, the integral
∫
V
d3xet 0a
e¯
cannot always be transformed into a surface integral.
If ea is an IF and e¯a is the FF, then
ω a
e¯ αb = Λ
a
d
dΛ db
dt
δ0α, (131)
which leads to t 0a
e¯
= ǫ 0a
e¯
; this means that
∫
V
d3xet 0a
e¯
can be turned into a surface integral for
IFs. However, the problem persists for the conservation of t µa
e¯
: in an IF, the conservation
equation ∂µ (eǫ
µa) = 0 yields ∂µ (et
µa
e¯
) = 4k
dΛa
d
dt
∂j
(
eΣ¯ d0j
e¯
)
, and the equation for the
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gravitational energy-momentum flux becomes d
dt
∫
V
d3xet 0a
e¯
= − ∮
S
dSjet
ja
e¯
+
dΛa
d
dt
P¯ de¯ . (Note
that the last term does not vanish if the frame is accelerated relatively to the FF.)
In any case, if the non-teleparallel component T a
e¯ bc has a meaning, then it is natural to
assume that they measure gravitational effects only, combined with the Lorentz transforma-
tions, of course.
3. FF interpretation
In this interpretation we set the FF as the TF, as in the NTC interpretation. However,
we do not insist that all non-teleparallel components of RIs are meaningful. Furthermore,
since t µa
e¯
does not yield a consistent gravitational energy-momentum flux, we will assume
that the gravitational energy-momentum density in the FF interpretation is given by ǫ µa
e¯
.
(We need this assumption to be able to calculate the gravitational energy in more general
frames, otherwise we will be limited to the FF only.).
The reader might think that ǫ µa
e¯
is not a good choice because of the affine connection
coefficients appearing in its definition, see Eq. (27). Nevertheless, those coefficients, i.e.,
ωaαb, transform as tensor components under both a general coordinate transformation and
global SO(3, 1). So, the calculations will not depend on the coordinate system. In addition,
ǫ µa
e¯
is also trace free, conserved, ∂µ (eǫ
µa
e¯
) = 0 in the absence of matter, and vanishes in
Minkowski spacetime. The latter property can be inferred from the fact that in Minkowski
both Σ¯ abc
e¯
and t¯ µa
e¯
vanishes (note that this implies Σ abc
e¯
= t µa
e¯
= 0) if e¯ µa is the FF.
We define the gravitational energy-momentum in the FF interpretation as
P aǫ ≡
∫
V
d3xeǫ 0a
e¯
, (132)
while the total energy of the spacetime will be defined as
Pa ≡ P aǫ +
∫
V
d3xeT 0a, (133)
Equation (31) can be used to recast Pa in the form
Pa = 4k
∮
S
dSieΣ
a0i
e¯
. (134)
The fact that Σ a0i
e¯
appears in the integrand of Eq. (134) shows that, if the FF inter-
pretation is right, then this non-teleparallel component will have an important role in the
calculation of energy.
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Since Σ a0i
e¯
= ΛabΣ¯
b0i
e¯
, we see from Eqs. (134) and (33) that Pa = Λab(t)P¯ be¯ ; in turn,
since ǫ 0a
e¯
= t 0a
e¯
= Λabt¯
0b
e¯
, we see from Eqs (132) and the first integral in Eq. (32) that
P aǫ = Λ
a
b(t)P¯
b
e¯,grav, where P¯
b
e¯,grav is the gravitational energy-momentum tensor in the FF.
Let us now test the consistence of this interpretation by calculating the gravitational
energy for the same configuration as that of Sec. VIII. To avoid wasting time, we notice
from Eqs. (47) and (61) that we can calculate Π aµα
e¯
and use the results of Sec. VIII to test
the consistence of both Pa and ǫ µa
e¯
.
We can rewrite Eqs. (63) and (64) as
Σ aµα
e¯
= Σ aµα
e
+ 2Π aµα
e¯
, (135)
Π aµα
e¯
=
1
4
(
ω µaα
e¯
+ 2ea[α|ω
b |µ]
e¯ b
)
, (136)
where Σ aµα
e
has already been calculated in Sec. VIII. To calculate Eq. (136), we need first
ω a
e¯ αb = Λ
a
d∂αΛ
d
b . Differentiating Eq. (109), using Eqs. (B1)-(B3) to eliminate the ‘deltas’,
and using Eq. (B5), we obtain (after some simplification)
∂αΛ
d
b =
1
AB
(h1tˆα − h3zˆα)
[
(gtˆb − f zˆb)tˆd + (f tˆb − gzˆb)zˆd
]
. (137)
Thus, from Eqs. (109) and (137), we get
ω a
e¯ αb = −
2
AB
(h1tˆα − h3zˆα)tˆ[azˆb]. (138)
Remember that tˆ[azˆb] ≡ (1/2)(tˆazˆb − tˆbzˆa). Contracting the above expression with e αa we
obtain ω a
e¯ ac = (h3tˆc − h1zˆc)/(AB). Using this and Eq. (96), we find that
2ea[ν|ω
b |µ]
e¯ b =
2
AB
[
(h1tˆ
a − h3zˆa)tˆ[µzˆν] − (h3tˆ[µsˆν]
+ h1sˆ
[µzˆν])sˆa − (h3tˆ[µφˆν] + h1φˆ[µzˆν])φˆa
]
. (139)
Now, substituting Eqs. (139) and (138) into (136) and simplifying give us
Π aµα
e¯
=
−1
2AB
[(
h3tˆ
[µsˆα] + h1sˆ
[µzˆα]
)
sˆa
+
(
h3tˆ
[µφˆα] + h1φˆ
[µzˆα]
)
φˆa
]
, (140)
which yields
Π a0α
e¯
= − (∂zg)
4ABf
(sˆαsˆa + φˆαφˆa). (141)
43
Finally, substituting Eqs. (141) and (B28) into (135) with µ = 0, we arrive at
Σ b0α
e¯
= −h6
A
(f tˆb − gzˆb) [sin θsˆα + cos θ(f zˆα − gtˆα)] . (142)
Taking α = 1, we find that
Σ b01
e¯
= − ∂ρB
AB3
(
f tˆb − gzˆb) , (143)
which leads to the same consistent result as that of the TC interpretation. In fact, it looks
even better because it does not have the second term of Eq. (122). (This second term
vanishes for g = g(t) anyway.)
From Eq. (47) we see that ǫ µa
e¯
= t µa
e
+ (8k/e)∂α (eΠ
aµα
e¯
), where we have used that fact
that ǫ µa
e
= t µa
e
. This is an identity that holds for any spacetime with any tetrad field.
So, it is clear that these densities differ only by a total divergence. In particular, if we
take µ = 0, a = (0), and use Eq. (141) we find that ǫ
0(0)
e¯
= t
0(0)
e , because Π
(0)0α
e¯
= 0.
For a 6= (0), on the other hand, we have ǫ 0a
e¯
6= t 0a
e
. (This difference disappears when we
demand uniformity, g = g(t).)
4. Comparing the interpretations
Here we show that, using only IFs, the three interpretations discussed above yield the
same predictions for the gravitational angular momentum density and the gravitational
energy-momentum tensor.
From Eq. (131), we find ω 0aα
e¯
=
(
dΛ (0)b /dt
)
e¯ 0(0) e
bαea0, eaαω b 0
e¯ b = −
(
dΛ (0)b /dt
)
e¯ 0(0) e
b0eaα,
and −ea0ω b α
e¯ b = − (dΛ (0)e /dt) e¯ 0(0) eeαea0, where we have used the second constraint in
Eq. (81). Substituting these expressions into Eq. (136), we get Π a0α
e¯
= −(1/4) (dΛb(0)/dt)Λ (0)b (e¯ 0(0) )2 eaα;
by differentiating Λb(0)Λ (0)b = η
(0)(0), one can easily show that Π a0α
e¯
vanishes. Using this
result in Eqs. (135) and (47), we arrive at Σ a0α
e
= Σ a0α
e¯
and ǫ 0a
e¯
= t 0a
e
; therefore, the
FF and the TC interpretations predict the same gravitational (and also spacetime) energy-
momentum tensor. It is natural to assume that the angular momentum density in the FF
interpretation is given by Eq. (35) with the superpotential Σ
e¯
; hence, these interpretations
will also give the same result for Mab. Note that, since the only difference between the
NTC and the FF interpretations is that all non-teleparallel components have a meaning
in the NTC interpretation, then, once we assume that Mab in the FF interpretation is
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calculated with Σ
e¯
, a non-teleparallel component, these two interpretation will predict the
same angular momentum density. Besides, we already know that they predict the same
energy-momentum tensor because ǫ 0a
e¯
= t 0a
e¯
.
Unfortunately, it has not been possible to find a unique interpretation. But, as long as
the TC and the FF interpretations yield consistent predictions, there is nothing to worry
about. If these interpretations are equivalent, then the meaning of torsion in teleparallel
theories is ambiguous: acceleration plus gravitational effects for TC interpretation or ‘only’
gravitational effects for FF interpretation.
X. GRAVITATIONAL WAVES
In this section we will see the consistence of the IFs by comparing the predictions of three
different gravitational energy-momenta for pp-wave spacetimes.
Plane-fronted gravitational waves (pp-waves) traveling along the z direction can be de-
scribed by the line element
ds2 = (1 +H)dT 2 − dX2 − dY 2 − (1−H)dZ2
− 2HdTdZ, (144)
where H = H(u,X, Y ), u = T − Z, and ∂2H
∂X2
+ ∂
2H
∂Y 2
= 0. Here, the conventions are slightly
different from those used by Maluf and Ulhoa in Ref. [28]: the signature is different, u is
also different, and H here is −1/2 times that of Ref. [28].
To calculate P a, Maluf and Ulhoa used
ϑa = (AdT +BdZ, dX, dY, CdZ), (145)
where A = (1 + H)1/2, AB = −H , and AC = 1. Using the pure-tetrad formalism, they
obtained
P (0)
e
= P (3)
e
= −k
2
∫
V
d3x
(∂iH)
2
(g00)3/2
, (146)
where (∂iH)
2 ≡ (∂XH)2 + (∂Y H)2. Although this expression does not seem to be problem-
atic, it cannot reproduce the energy of linearized gravitation waves predicted in the context
of GR (see Ref. [30] for more details). As we will see later, the frame (145) is not an IF.
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On the other hand, in Ref. [29], Obukhov et al. used14
ϑ̂(0) = (1 +
H
2
)dT − H
2
dZ,
ϑ̂(1) = −H
2
dT − (1− H
2
)dZ,
ϑ̂(2) = dY, ϑ̂(3) = dX (147)
to obtain t̂ a
ê b = 0, which yields P̂
a
ê
= 0. This prediction is inconsistent because we know
that gravitational waves do have energy and momentum. As in the previous case, the frame
(147) is not an IF either.
A third prediction for the gravitational energy and momentum of GWs was made in
Ref. [30]. There, the frame used was
ϑ¯a = (dt, f(u)dx, g(u)dy, dz), (148)
where in this case, the pp-waves has only the + polarization, which means that the corre-
sponding spacetime ds2 = dt2 − f(u)2dx2 − g(u)2dy2 − dz2 is a particular case of Eq. (144)
for H = h(u)(X2 − Y 2), where h(u) = −(1/f)(d2f/du2) = (1/g)(d2g/du2); the coordinates
(T,X, Y, Z) are related to (t, x, y, z) through
T = t+
1
2
[
x2f(u)
df
du
+ y2g(u)
dg
du
]
,
Z = z +
1
2
[
x2f(u)
df
du
+ y2g(u)
dg
du
]
,
X = f(u)x, Y = g(u)y. (149)
Note that u = T −Z = t− z. The gravitational energy-momentum density predicted by the
tetrad given by Eq. (148) is
t¯
0(0)
e¯
= t¯
3(0)
e¯
= t¯
0(3)
e¯
= t¯
3(3)
e¯
= − c
2
4πGfg
df
du
dg
du
. (150)
For f(u) ≈ (1 − h11)1/2 and g(u) ≈ (1 + h11)1/2 with h11 small, we get t¯ 0(0)e¯ ≈
c2 (dh11/du)
2 /(16πG). This positive result is clearly incompatible with Eq. (146). It is
also clear that t¯ c
e¯ d 6= t¯ cê d = Λ ca Λbdt̂ aê b = 0, where ϑ̂a = Λabϑ¯b. In other words, we have three
incomparable predictions. Since the expression (150) reproduces the expression for GWs in
GR [30], it is plausible to assume that it is the right one.
14 In adapting the notation of Ref. [29] to the one used here, we have made the following changes from their
notation to ours: h→ 4H , σ → u/2, ρ→ (T + Z)/2, z → X , and y → Y .
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Comparing Eqs. (145), (147), and (148) with Eq. (81), one can easily check that the only
PT that satisfies the conditions in Eq. (81) is15 e¯a. To be more precise, e¯a is the FF of
pp-waves with + polarization. (Actually, we need to impose an additional constraint, as
discussed below.)
It is important to say that the frame e¯a is not a FF for any possible values of f and g. This
happens because the coordinate system where the conditions given by Eq (81) is satisfied is
not fixed yet (we still have a gauge freedom). To be a FF, the frame e¯a must also be a PT
(for more details, see the paragraph before theorem VI.3). This happens only if f and g are
constant when H = 0. To see this, we need to remember that h(u) = −(1/f)(d2f/du2) =
(1/g)(d2g/du2), where h(u) is the amplitude of the gravitational wave. Since the curvature
tensor of the Levi-Civita connection vanishes when h = 0 (see, e.g., Chap. 4 of Ref. [48]),
the absence of gravity implies that f = c1u+ c2 and g = c3u+ c4. However, by substituting
these expressions into Eq. (148), we obtain a frame that is not a PT for c1, c2 6= 0. Therefore,
we must also demand that f and g be constant when h = 0 (H = 0). [Note that, if f and g
were not constant in this case, Eq. (150) would give a false gravitational energy.]
As is clear from Refs. [28–30], the frames (145), (147), and (148) (with f and g constant
for H = 0) satisfy the condition ω˚abc = 0 when H = 0, i.e., they are PTs. Hence, demanding
that the TF be a PT is not enough. We also need the conditions given by Eq (81) to obtain
the frame that truly separates inertia from gravity.
A. The problems with êa and ea
Neither êa nor ea satisfy Eq. (81), i.e., they are not the FF of the spacetime given by
Eq. (144). However, this is not sufficient to exclude them because they could be IFs or at
least something close to that. To see that they are not IFs, we need to write them in the
form êa = Λ
b
ae¯b and show that Λ
b
a is not uniform in space.
Let us work only with the + polarization. From Eq. (149), we see that
dT = (1 + F )dt+ xff ′dx+ ygg′dy − Fdz,
dZ = Fdt+ xff ′dx+ ygg′dy + (1− F )dz, (151)
15 Note in Eq. (18) of Ref. [28] that e 0(3) 6= 0. From Eq. (147) one can also see that e 0(1) 6= 0.
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where F ≡ (1/2) {x2 [(f ′)2 + ff ′′] + y2 [(g′)2 + gg′′]} and f ′ = df/du. Substituting Eq. (151)
into (147), we obtain ê(0)µ = (1+H/2+F )δ
0
µ+ xff
′δ1µ+ ygg
′δ2µ− (H/2+F )δ3µ, which is the
component of ϑ̂(0) written in the coordinate basis (dt, dx, dy, dz). Lowering the index (0),
raising µ with gµν = δµ0 δ
ν
0 − (1/f 2)δµ1 δν1 − (1/g2)δµ2 δν2 − δµ3 δν3 , and contracting the resultant
components with ∂ν = (∂t , ∂x , ∂y , ∂z ), we arrive at
ê
(0)
= (1 +
H
2
+ F )e¯
(0)
− xf ′e¯
(1)
− yg′e¯
(2)
+ (
H
2
+ F )e¯
(3)
, (152)
where e¯a is the FF, whose coframe is given by Eq. (148). It is clear that êa 6= Λba(t)e¯b, i.e.,
the frame êa is not an ideal frame. Besides, it is hard to believe that the vector (152) is
adapted to a congruence that has some sort of coherence.
A similar procedure yields
e
(0)
= [A+ (A+B)F ] e¯
(0)
− (A+B) (xf ′e¯
(1)
+ yg′e¯
(2)
)
− [B − (A+B)F ] e¯
(3)
, (153)
which suffers from the same problems as êa.
B. Accelerated observers
From Eq. (22) in Ref. [30] and Eq. (82) here, we see that the torsion components in the
basis (148) can be written as T¯
e¯abc = −2
[
(f ′/f)xˆaxˆ[c + (g
′/g)yˆayˆ[c
] (
tˆb] + zˆb]
)
. (Recall that
the prime denotes the derivative with respect to u.) Substituting these components into
Eq. (125) gives φab = 0. Thus, since e¯
µ
(0) = (1, 0, 0, 0) and φab = 0, the FF frame of the
pp-waves (for + polarization) is adapted to absolute static observes. This is an interesting
result for a spacetime that is not static.
Now we calculate P a for observers that are accelerated along the z direction. To avoid
confusion with the functions f and g used in this section, we change the f and g in Eq. (109)
to γ and α, respectively. In this section Eq. (109) reads
Λ ba = (γtˆa − αzˆa)tˆb + (αtˆa − γzˆa)zˆb − xˆaxˆb − yˆayˆb, (154)
where γ = γ(t, z) and α = α(t, z). For simplicity, we will denote the accelerated frame by
ea [do not mistake it for Eq.(153)], and calculate the gravitational energy-momentum tensor
for the FF interpretation first.
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From Eq. (148), we see that we can write the frame e¯a in the form e¯
µ
b = tˆbδ
µ
0−(1/f)xˆbδµ1−
(1/g)yˆbδ
µ
2 − zˆbδµ3 . Thus, from ea = Λ ba e¯b, we find that
e µa =
(
γtˆa − αzˆa
)
δµ0 −
xˆa
f
δµ1 −
yˆa
g
δµ2 +
(
αtˆa − γzˆa
)
δµ3 . (155)
To calculate Σ abc
e¯
, we can use Σ¯ abc
e¯
given in Eq. (23) of Ref. [30]. Writing this equation
in terms of the Cartesian unit vectors, we get
Σ¯ abc
e¯
=
(
tˆ[b| + zˆ[b|
) [
(ln g)′xˆaxˆ|c] + (ln f)′yˆayˆ|c]
]
+ [ln(fg)]′
(
tˆa + zˆa
)
tˆ[bzˆc]. (156)
From Eq. (154) and Σ abc
e¯
= ΛadΛ
b
eΛ
c
f Σ¯
def
e¯
, we find that
Σ abc
e¯
= (γ − α)
[
[ln(fg)]′(tˆa + zˆa)tˆ[bzˆc] + (ln g)′(tˆ[bxˆc]
− xˆ[bzˆc])xˆa + (ln f)′(tˆ[byˆc] − yˆ[bzˆc])yˆa
]
. (157)
Now we use the definitions tˆλ ≡ e λa tˆa, xˆλ ≡ e λa xˆa, yˆλ ≡ e λa yˆa, and zˆλ ≡ e λa zˆa to evaluate
Σ a0ν
e¯
. From Eq. (155), we get
tˆλ = γδλ0 + αδ
λ
3 , xˆ
λ =
δλ1
f
, yˆλ =
δλ2
g
,
zˆλ = αδλ0 + γδ
λ
3 . (158)
It is clear that
tˆ[0xˆc] =
1
2
γxˆc, tˆ[0yˆc] =
1
2
γyˆc, xˆ[0zˆc] = −1
2
αxˆc,
yˆ[0zˆc] = −1
2
αyˆc, tˆ[0zˆc] =
1
2
(
γzˆc − αtˆc) . (159)
Using these expressions and Eq. (157), we find that
Σ a0c
e¯
=
(γ − α)
2
[ln (fg)]′
(
tˆa + zˆa
) (
γzˆc − αtˆc)
+
1
2
(ln g)′ xˆaxˆc +
1
2
(ln f)′ yˆayˆc. (160)
By changing c to ν, using Eq. (158), and multiplying the result by e = f(u)g(u), we obtain
eΣ a0ν
e¯
=
(γ − α)
2
(fg)′ (tˆa + zˆa)δν3 +
1
2
(g′xˆaδν1 + f
′yˆaδν2 ). (161)
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Consider the rectangular parallelepiped x− ≤ x ≤ x+, y− ≤ y ≤ y+, and z< ≤ z ≤ z>,
where x± = x0 ± a/2, y± = y0 ± b/2, z> = z0 + l/2, and z< = z0 − l/2. To calculate P aǫ
inside this region, we use Eqs. (161) and (134). The result is
P aǫ =2kab
√
1− β(t, z>)
1 + β(t, z>)
[
(fg)′ (z>)− (fg)′ (z<)
]
× (tˆa + zˆa), (162)
where α = βγ (β is the velocity of the observers with respect to the frame e¯a), and we have
assumed that γ(t, z>) = γ(t, z<) and α(t, z>) = α(t, z<).
As expected from a field that propagates at the speed of light, we have P aǫ Pǫa = 0. It
is also interesting to note that, for observers moving in the same direction as the wave,
the magnitudes of P
(0)
ǫ and P
(3)
ǫ decrease as the observers’ speed increases and, in the limit
β → 1, we have P aǫ = 0. On the other hand, when the observers move in the opposite
direction, we get an increase of the magnitudes of the energy and the momentum; for this
case, P aǫ diverges as β → −1.
The question whether the energy is positive or negative will not be discussed here. In-
stead, we show that Eq. (162) is consistent with Eq. (25) in Ref. [30]. By assuming that l
is small, one can verify that (fg)′ (z>) − (fg)′ (z<) ≈ −ld2(fg)/du2|u0, where u0 = t − z0.
The next step is to realize that, since f ′′/f + g′′/g = 0, we have d2(fg)/du2 = 2f ′g′. Hence,
for β = 0, Eq. (162) becomes P aǫ ≈ −4kablf ′(u0)g′(u0)(tˆa + zˆa). Now, assuming that a and
b are also small and using the proper volume V ≈ able(u0) = ablf(u0)g(u0), we arrive at
P aǫ /V ≈ −4k(tˆa + zˆa)f ′g′/(fg).
1. ‘Rindler observers’
As an example, let’s take z0 = 0 and use γ = |z|/
√
z2 − t2 and α = t/√z2 − t2 (
t > 0) as described in Fig. 1. Since β = t/|z| in this case, then, for z = ±d = ±t (the
observers’ horizon), we have β = 1. For these observers, there would be no energy inside
the parallelepiped. (Note that this region is not accessible to the accelerated observers.) On
the other hand, if we put these two faces of our parallelepiped at infinity, then Eq. (162)
will coincide with that of the FF frame because β → 0.
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2. TC interpretation
Let’s now consider the calculation of the gravitational energy-momentum tensor in the
context of the TC interpretation. We begin by calculating Π
e¯abc.
From Eq. (154) we find that ∂µΛ
d
c =
[
tˆc∂µγ − zˆc∂µα
]
tˆd +
[
tˆc∂µα− zˆc∂µγ
]
zˆd. Using this
expression in ω a
e¯ µc = Λ
a
d∂µΛ
d
c [this can be inferred from Eq. (39)], we obtain
ω a
e¯ µc =
(
γtˆa − αzˆa) (tˆc∂µγ − zˆc∂µα)
− (αtˆa − γzˆa) (tˆc∂µα− zˆc∂µγ) . (163)
By using Eq. (155) and the identities ∂µγ = δ
0
µ∂tγ + δ
3
µ∂zγ and ∂µα = δ
0
µ∂tα+ δ
3
µ∂zα, we see
that e µb ∂µγ = (γtˆb−αzˆb)∂tγ+(αtˆb− γzˆb)∂zγ and e µb ∂µα = (γtˆb−αzˆb)∂tα+(αtˆb− γzˆb)∂zα.
Using these expressions and the relation γ∂µγ = α∂µα in Eq. (163) we find, after a lengthy
calculation, that
ω a
e¯ bc = 2
[
−
(
∂tα +
α
γ
∂zα
)
tˆb +
(
α
γ
∂tα + ∂zα
)
zˆb
]
tˆ[azˆc]. (164)
Contracting a with b, we find ω a
e¯ ac = [(α/γ)∂tα+ ∂zα]tˆc− [∂tα+ (α/γ)∂zα]zˆc. Substituting
this and Eq. (164) into Eq. (64) yields
Π
e¯abc =−
1
2
[
(∂tγ + ∂zα)(xˆatˆ[bxˆc] + yˆatˆ[byˆc])
+ (∂tα+ ∂zγ)(xˆaxˆ[bzˆc] + yˆayˆ[bzˆc])
]
. (165)
Finally, from this equation and Eq. (158), we obtain−2Π a0ν
e¯
= (∂zα)/(2γ) (δ
ν
1 xˆ
a/f + δν2 yˆ
a/g).
Since this expression does not depend on x and y, its integral over the boundary of the
parallelepiped vanishes. Thus, although Σ a0ν
e
and Σ a0ν
e¯
are different, they yield the same
gravitational energy-momentum tensor. But, again, the the FF interpretation has provided
a more convenient result: there is no ‘strange’ term that disappears only after integration.
(This term vanishes for α = α(t) anyway.)
C. Angular momentum density
For concreteness, let’s evaluate the gravitational angular momentum densities measured
by the the static and the accelerated observers. We begin with the static ones, i.e, we
calculate M¯abe¯ first.
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From Eqs. (156) and (159) (with γ = 1 and α = 0), we find that 2Σ¯
[a|0|b]
e¯
= [ln (fg)]′ tˆ[azˆb].
Substituting into Eq. (35) and using e = fg, we obtain
M¯abe¯ = −4k (fg)′ tˆ[azˆb]. (166)
To calculate the angular momentum for the accelerated observers, we have to decide which
interpretation will be used. Let us first use the TC interpretation. In this interpretation,
we use Eq. (35) with the superpotential Σ abc
e
. Since we have already evaluated Σ a0c
e¯
and
Π abc
e¯
, we use the identity (135) to rewrite Eq. (35) in the form Mabe = M
ab
e¯ + 16keΠ
[a|0|b]
e¯
,
where Mabe¯ is written in terms of Σ
a0b
e¯
. By using Eqs. (165) and (159), it is easy to show
that Π
[a|0|b]
e¯
= 0. So, we have Mabe = M
ab
e¯ . Using Eq. (160) to calculate M
ab
e¯ , one finds that
Mabe¯ gives the same result as M¯
ab
e¯ . Therefore, the accelerated observers measure the same
gravitational angular momentum density. This is probably a consequence of the fact that
the observers’ trajectory is in the same direction as that of the wave. (Note that we have
only a nonvanishing center of mass moment; the angular momentum L(i)(j) vanishes.)
In the case of the FF interpretation, the situation is more complicated: this interpreta-
tion says nothing about the angular momentum density because there is no surface term.
However, it seems natural to assume that this density is given by Mabe¯ . If this is the case,
the FF interpretation also gives the same result as M¯abe¯ .
Since Eq. (150) reproduces the energy-momentum tensor of gravitational waves that is
usually defined in the literature for GR (see Ref. [30]), the reader might be tempted to
see if Eq. (166) can also reproduce the angular momentum density [see, e.g., Eq. (2.50) of
Ref. [49]]. However, this does not seem to be possible because the definition used in Ref. [49]
is not local. The fact that this definition is not local can be seen by noticing that the first
term in Eq. (2.50) is a type of orbital angular momentum. On the other hand, Mab is clearly
defined at a point xα, which seems to be incompatible with the idea that it represents the
angular momentum density around xαO = (0, 0, 0, 0); perhaps we could interpret M
ab as
being associated to the angular momentum density around xα (local definition). Of course,
after integration, we obtain L(i)(j) and interpret it as the total angular momentum around
the ‘center of mass’.
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D. Energy Density
Let us prove that, if the congruence is that of an IF, then the energy density does not
vanish along the curve of any observer that accelerates along the z direction.
We can write Eq. (25) in Ref. [30] as t¯ µb
e¯
= ρg (δ
µ
0 + δ
µ
3 )
(
tˆb + zˆb
)
, where ρg = −4kf ′g′/(fg).
Using Eq. (154) in t µa
e¯
= Λabt¯
µb
e¯
, we find that
t µa
e¯
= (γ − α)ρg (δµ0 + δµ3 )
(
tˆa + zˆa
)
. (167)
From Eqs. (163), (157), and (158), we obtain
ω a
e¯ αbΣ
bµα
e¯
=
(γ − α)
2γ
[ln (fg)]′
(
tˆa + zˆa
)
× (∂zαδµ0 − ∂tαδµ3 ) . (168)
Finally, by substituting Eqs. (167) and (168) into Eq. (130), we arrive at
ǫ µa
e¯
=
√
1− β
1 + β
(
tˆa + zˆa
)[
ρg (δ
µ
0 + δ
µ
3 )
− 2k [ln(fg)]
′
1− β2 (∂zβδ
µ
0 − ∂tβδµ3 )
]
, (169)
where we have used α = βγ and γ = 1/
√
1− β2.
As we can see from Eq. (169), the energy density ǫ
0(0)
e¯
does not vanish if β = β(t).
Furthermore, since Π a0ν
e¯
= 0 in this case [see, e.g., the paragraph below Eq. (165)], then
t
0(0)
e equals ǫ
0(0)
e¯
[see Eq. (47)]; therefore, the TC interpretation is also consistent.
On the other hand, if we let β depend on z as well, we can find a set of congruence where
the energy density vanishes. It is straightforward to verify that, for
β(t, z) =
ξ(t, z)− 1
ξ(t, z) + 1
, ξ = χ2(t)
(
dfg
du
)2
, (170)
where χ is an arbitrary function of t, the energy density is zero. This result may be inter-
preted in the following manner: different observers in the neighborhood of z have different
velocities with respect to the FF; they measure the gravitational energy in such a synchro-
nized way that, in an instant t, some of them measure positive energy, others negative energy,
and the net effect is a zero energy density. (This is a clear example of why we should not
use an arbitrary congruence of curves to interpret RIs.)
53
XI. ABSOLUTE VACUUM
The modern view of vacuum is that of quantum mechanics. In this view the vacuum is
not empty, not unique, not stable, and can be seen as the remains that cannot be removed
from space. On the other hand, in the classical point of view, there are two types of vacuum:
a relative vacuum (RV) and an absolute vacuum (AV). The relative concept is related to
the field equations of a theory. For instance, the vacuum of Maxwell’s equations is different
from that of Einstein’s equations. (The former is characterized by the absence of electric
charges, while the latter is characterized by the absence of any form of energy that is not
gravitational.) With respect to the AV, we have the idealized concept of ‘nothing’, i.e., the
absence of any form of energy and momentum. Here, we will not discuss which point of view
is right. Clearly, the quantum view is incompatible with an AV. However, since the TEGR
is a classical theory, we will work with the classical view here.
It would be interesting to have a gravitational theory with an AV, at least at the classical
level. However, the main theory of gravity, GR, admits solutions with a curved spacetime
even in its vacuum [50]. The reason why this happens is clear: the gravitational field does
have energy and momentum on its own. So, to have a well defined AV, we need to include
the gravitational energy-momentum density into the concept of vacuum.
Since the TEGR gives us the ability to identify the gravitational energy-momentum den-
sity, it is natural to speculate whether the Minkowski spacetime is the only possible solution
of Eq. (31) when its right-hand side vanishes. This leads us to the following postulate:
Postulate XI.1 Let ea be a FF (see definition VI.2). The metric tensor must be that of
Minkowski spacetime if and only if t µa
e
= T µa = 0.
It is clear from definition VI.2 that if ea is the FF of the Minkowski spacetime, then
ω˚abc = 0. Furthermore, from Eqs. (55) and (57), we also have ∂α (eΣ
aµα
e
) = t µa
e
= 0
(T µa = 0, of course). What is not clear is if t µa
e
= T µa = 0 implies gµν = ηµν .
Both the TC and FF interpretations must satisfy this postulate for consistency. Thus,
the postulate XI.1 may be used to rule out one or both of them.
In the early days of GR, Einstein believed that in the absence of ‘matter’ the right theory
of gravity should not have any solution [51]. Initially, he thought that the problem16 with
16 It is a problem only if one believes in Mach’s principle.
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the vacuum solutions in the absence of ‘matter’ could be solved by adding the so-called
cosmological constant. However, de Sitter solution showed that the problem persists. Per-
haps, in the context of the TEGR, Mach’s principle might be reconciled with solutions such
as the de Sitter spacetime because such spacetimes are not empty, they have gravitational
energy-momentum densities.
XII. f(T ) THEORIES
When dealing with geometric invariants, we have to distinguish between two types: those
that are related to physical invariants and those that are not. In mathematics, we can define
plenty of geometric invariants: metric, torsion, nonmetricity etc. However, in physics, we
have very feel. For instance, the only independent physical invariant that is used in GR (and
TEGR) is the infinitesimal interval between two events, which is associated with the local
value of the speed of light. We associate the pseudo-Riemannian metric tensor to this interval
and build all other geometric invariants from it: curvature tensor, Ricci tensor, scalar tensor
etc. In general, we search for physical invariants, associate them to some geometric object,
and then build the Lagrangian density of the theory from them. But physics is not limited
to invariants: energy, momentum, temperature, and heat are just a few examples. However,
we do not use quantities that are not invariant in the Lagrangian density because we want
the field equations to reflect this invariance.
Since the Lagrangian density of the TEGR differs from that of GR only by a surface
term, the resultant field equations are invariant under the same transformation group. Fur-
thermore, the TEGR does not have any additional physical invariant. Therefore, in this
approach, the new geometric entity, the torsion tensor, gives us only an additional sub-
structure to help us describe the gravitational field at the level of quantities that are not
invariant under LLTs. In other words, the Weitzenbo¨ck torsion is not a new geometric entity
associated to a new physical invariant (under LLTs), unlike in the Einstein-Cartan theory,
where torsion is related to the spin density.
We could just use the Einstein-Hilbert action to obtain Einstein field equations by taking
variations with respect to gµν . Then, after obtaining the field equations, we would use the
identity (26) to write these equations in the form given by Eq. (31). We could even write the
Einstein tensor in terms of the nonmetricity tensor and see if this new tensor could helps us
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to improve the description of gravity, without altering the invariance of the field equations
under LLTs.
Now, when we consider a f(T ) and take variations with respect to the tetrad field, the
resultant field equations are not necessarily invariant under LLTs [52, 53], which means that
the field equations might yield different solutions for different choices of the TF. It seems
that there are only two ways to overcome this difficulty: If the field equations of a particular
f(T ) yield the same metric as a solution for all IFs, i.e, the lack of local Lorentz invariance
happens only with ‘artificial frames’, then we may take any IF as a TF and use it to solve
the field equations; this means that, in principle, the TC interpretation could be applied
to this theory. On the other hand, if the field equations of a f(T ) do not give the same
spacetime for different IFs, then we should use only the FF to solve the field equations.
It is worth noting that the TEGR, i.e, f(T ) = T , is not the only teleparallel theory with
local Lorentz invariance, because we can always add the Weitzenbo¨ck connection to any
spacetime. For instance, if we want to build a teleparallel theory with high order derivatives
and local Lorentz invariance, we can take any f(R˚) and add to it theWeitzenbo¨ck connection.
By doing so, we can substitute the identities (24) and (25) in the field equations of the f(R˚)
theory and study the role played by the Weitzenbo¨ck torsion in this theory. (The definition
of the gravitational energy-momentum tensor of the f(R˚) theories is still an open question.)
In the f(T ) theories, the ‘main’ geometry is the Weitzenbo¨ck version of the Riemann-
Cartan geometry. Perhaps, the best approach to teleparallel theories is to avoid using this
geometry to construct the action of the theory. Instead, one could construct a Lagrangian
density based on a geometry with the Levi-Civita connection, such as f(R˚) theories, obtain
the field equations by varying the action with respect to the metric, then, only after that,
use the Weitzenbo¨ck connection to build a substructure with the help of identities such as
Eqs. (24) and (25). In this approach, the teleparallel structure would server only to extract
some important information about the gravitational field.
A natural and interesting extension of both Einstein-Cartan and teleparallel theories
would be a theory with two affine connections with torsions: the torsion of the ‘Einstein-
Cartan connection’ would account for the spin, while the Weitzenbo¨ck torsion would allow
us to identify the gravitational energy.
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XIII. DISCUSSION AND CONCLUSIONS
In this article we have used a notation that not only clarifies the relation between the
pure-tetrad formulation of teleparallel theories and the MAG approach, but also clarifies
the teleparallel frame problem. In this context, we have shown that the torsion tensor of
the teleparallel theories cannot be invariant under an arbitrary change of the teleparallel
frame. (It is not a universal quantity, unless one fixes the TF.) We have also proved that the
ambiguity of the Weitzenbo¨ck affine connection in the MAG, or any other theory with local
Lorentz invariance, is equivalent to the ambiguity in the choice of the TF (see Sec. VB).
In addition to the problems with the rotations of the spatial triad, we have shown that
artificial rotations of the congruence can also yield spurious results for RIs: torsion, energy-
momentum, angular momentum etc. Therefore, not all set of observers can be used to
interpret these kind of objects. Note, however, that the constraint imposed on the congru-
ences is not necessarily a restriction on the worldline of a particular observer, but rather
a restriction on the collection of observers. It is clear, however, that we cannot use two
arbitrarily accelerated observers in the same set.
In searching for the ideal frame, we proved that the PRF yields a vanishing gravitational
energy-momentum density (also the angular momentum density) along the fiducial observer’s
worldline, regardless of the accelerations of the frame. (This result, theorem VI.2, generalizes
that of Ref. [41]). An immediate consequence of this theorem is that we can make both tµν
and Mab vanish along any timelike curve we want, we just have to take the PRF adapted to
this curve as the TF. Because of this ambiguity, we have argued against the PRF. We have
also argued against the requirement that tµν and Mab vanish in a local inertial reference
frame because the strong principle of equivalence is connected to the motion of particles; it
is not strictly connected to the energy of the gravitational field. After all, in the TEGR,
particles will follow the geodesics of the Levi-Civita connection even if tµν and Mab do not
vanish in the particles’ local inertial frames.
From the discussion in Sec. VIC, it is clear that the measurement/calculation of the
energy of a field demands a sense of uniformity. (In general, the observers share the same
velocity with respect to a global inertial frame.) Since a global inertial frame cannot be
realized in a curved spacetime (Levi-Civita curvature), we have postulated that the PT
satisfying Eq. (81), the FF, has only gravitational effects, i.e., its lack of uniformity is due
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to gravity only. Then, we have implicitly defined a uniform set of observers in a curved
spacetime as being the set of all observers whose velocities with respect to the local FF is
the same at an instant t, where t is the coordinate time where Eq. (81) holds.
To be able to describe the gravitational energy along the curve of an arbitrary accelerated
observer, we have defined the IFs (see definition VI.3), which are adapted to the uniform
observers. In this definition, we have excluded all artificial rotations. Perhaps, one could
include some artificial rotations, such as ωξ, ωχ, and ωζ in Eq. (73), as long as they are not
spurious static rotations. (This issue will be left to future work.)
We have improved the hybrid machinery of Ref. [27] and used it to give examples of
IFs. In fact, the frames given by Eqs. (110) and (155) are more general than the IFs used
in this article. These more general frames have been used to show the problems that may
appear when calculating energy with non-uniform velocities. We have also seen how some
of these problems can be avoided by properly choosing the Lorentz factor. It turns out that
all the IFs used here yield consistent results: consistent values for the gravitational energy,
momenta, and also for the densities; including the impossibility of making the gravitational
energy density vanish along an observer’s worldline.
In Sec. IX we have discussed two possible interpretations for teleparallel theories: the
TC and the FF interpretations. We have argued that there are no other interpretations
that will not lead to contradictions and ambiguities. We have also argued that, in the TC
interpretation, the torsion tensor is measuring both gravitational effects and the observers’
acceleration. ( In Minkowski, of course, it measures only the nonclosure of infinitesimal
parallelograms made with the observer’s proper coordinates, which is caused by the ac-
celeration.) On the other hand, we have argued that, in the FF interpretation, torsion
is measuring only the gravitational effects. (These gravitational effects, however, can be
changed by the accelerations of the observers in much the same way that the energy of an
electron changes when we change the acceleration of the frame.) In both interpretations,
the torsion tensor may become meaningless in frames with artificial properties (not related
to the observer’s motion).
It is worth noting that the ambiguity of the TF disappears in the non-local gravity
approach adopted by Mashhoon [45]. It would be interesting to see if the analysis made
here could be extended to this theory.
This article is not the final version of the ‘right‘ approach to teleparallel theories, because
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there are still some issues open to debate. One of these issues is the proof that there
is only one PT (up to global spatial rotations, of course) that satisfies Eq. (81). Another
important issue is to prove that at least one of the two interpretations presented here satisfies
the postulate XI.1. Of course, we must also test the consistence of IFs in more general
spacetimes.
Appendix A: Proof of Eq. (23)
From Eqs. (11) and (22) we obtain
Kανµ = −2Σνµα + gναT µ − gµνT α, (A1)
Kααµ = Tµ . (A2)
Substituting Eqs. (A1)-(A2) into the second and third terms on the right hand side of
Eq. (13), respectively, and taking Rµν = 0, we find that
R˚µν = 2
◦
∇αΣνµα + gµν
◦
∇αT α + V µν , (A3)
where V µν = −KααλKλνµ +KανλKλ µα .
We know that
2
◦
∇αΣνµα = 2
(
∂αΣ
νµα + Γ˚ναλΣ
λµα + Γ˚ααλΣ
νµλ
)
. (A4)
(Note that Γ˚µαλΣ
νλα = 0 because Σνλα = −Σναλ.) Using the identity ∂αe νb + Γναλe λb −
ωcαbe
ν
c = 0 in the identity ∂αΣ
νµα = (∂αe
ν
b ) Σ
bµα + e νb ∂αΣ
bµα to eliminate ∂αe
ν
b , we can
write ∂αΣ
νµα = e νb ∂αΣ
bµα − ΓναλΣλµα + ωcαbe νc Σbµα. Thus, we can recast Eq. (A4) as
2
◦
∇αΣνµα = 2
[
e νb ∂αΣ
bµα −KναλΣλµα + Γ˚ααλΣνµλ
+ ωcαbe
ν
c Σ
bµα
]
, (A5)
where we have used Γ˚ναλ − Γναλ = −Kναλ [see Eq. (10)].
We can write the term with the contorsion tensor in Eq. (A5) as −KναλΣλµα =
−T νab Σabµ + V˜ µν , where V˜ µν = (1/2) (−T ναλ + T νλα + T ναλ ) Σλαµ. (It is straightforward to
show that 2V˜ µν = −V µν .) By substituting the expression with −KναλΣλµα into Eq. (A5)
and then substituting the result into Eq. (A3), one can easily prove that Eq. (23) holds.
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Appendix B: Applying the hybrid machinery to Eqs. (115)-(118)
In this appendix we give the torsion tensor, the superpotential, the torsion scalar, and
the quantity ΣλµνTλµα in terms of the tetrad given by Eq. (97) with {tˆλ, sˆλ, φˆλ, zˆλ} given by
Eqs.(115)-(118).
By inverting Eqs. (115)-(118), we get
δ0λ =
1
A
(f tˆλ − gzˆλ), (B1)
δ1λ =
1
B
(g cos θtˆλ − sin θsˆλ − f cos θzˆλ), (B2)
δ2λ =
1
ρB
(−g sin θtˆλ − cos θsˆλ + f sin θzˆλ), (B3)
δ3λ = −
φˆλ,
ρB sin θ
. (B4)
We can simplify the calculations by using the following definitions:
h1 ≡ A∂zf +B∂tg, h2 ≡ h1 cos θ + f∂ρA,
h3 ≡ A∂zg +B∂tf, h4 ≡ h3 cos θ + g∂ρA,
h5 ≡
∂ρA
AB
, h6 ≡
∂ρB
B2
,
h7 ≡ (f 2h5 − g2h6) sin θ, h8 ≡ h1
AB
+ fh5 cos θ,
h9 ≡ (h5 − h6)fg sin θ, h10 ≡ h3
AB
+ gh5 cos θ,
h11 ≡ (f 2h6 − g2h5) sin θ, h12 ≡ h6g cos θ,
h13 ≡ h6 sin θ, h14 ≡ h6f cos θ,
h15 ≡ h11 + h13, h16 ≡ h10 + h12,
h17 ≡ h7 + h11, h18 ≡ h8 + h14,
h19 ≡ h7 + h13, f∂µf = g∂µg. (B5)
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Substituting Eqs. (115)-(118) and (B4) into Eqs. (101)-(104), we obtain
T (0)µν =− 2h2δ0[µδ1ν] + 2h1ρ sin θδ0[µδ2ν]
+ 2gρ(∂ρB) sin θδ
1
[µδ
2
ν], (B6)
T sˆµν =− 2ρ(∂ρB) cos θδ1[µδ2ν], (B7)
T φˆµν =− 2∂ρ(ρB) sin θδ1[µδ3ν] − 2ρB cos θδ2[µδ3ν]
+ 2δ3[µsˆν], (B8)
T zˆµν =− 2h4δ0[µδ1ν] + 2h3ρ sin θδ0[µδ2ν]
+ 2(∂ρB)fρ sin θδ
1
[µδ
2
ν]. (B9)
To write the torsion components in terms of {tˆλ, sˆλ, φˆλ, zˆλ}, we use Eqs. (B1)-(B4). From
these equations, one can check that
δ0[µδ
1
ν] =
−1
AB
(f sin θtˆ[µsˆν] + cos θtˆ[µzˆν]
+ g sin θsˆ[µzˆν]), (B10)
δ0[µδ
2
ν] =
1
ρAB
(−f cos θtˆ[µsˆν] + sin θtˆ[µzˆν]
− g cos θsˆ[µzˆν]), (B11)
δ1[µδ
2
ν] =
−1
ρB2
(gtˆ[µsˆν] + f sˆ[µzˆν]), (B12)
δ1[µδ
3
ν] =
1
ρB2 sin θ
(−g cos θtˆ[µφˆν] + sin θsˆ[µφˆν]
− f cos θφˆ[µzˆν]), (B13)
δ2[µδ
3
ν] =
1
ρ2B2 sin θ
(g sin θtˆ[µφˆν] + cos θsˆ[µφˆν]
+ f sin θφˆ[µzˆν]), (B14)
δ3[µsˆν] =
sˆ[µφˆν]
ρB sin θ
. (B15)
By substituting Eqs. (B10)-(B15) into Eqs. (B6)-(B9) and simplifying, we find that
T (0)µν = 2h7tˆ[µsˆν] + 2h8tˆ[µzˆν] + 2h9sˆ[µzˆν], (B16)
T sˆµν = 2h6 cos θ
(
gtˆ[µsˆν] + f sˆ[µzˆν]
)
, (B17)
T φˆµν = 2h6(g cos θtˆ[µφˆν] − sin θsˆ[µφˆν]
+ f cos θφˆ[µzˆν]), (B18)
T zˆµν = 2h9tˆ[µsˆν] + 2h10tˆ[µzˆν] − 2h11sˆ[µzˆν]. (B19)
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Substituting these equations into Eq. (100) and manipulating the result yield
T λµν = 2(h7tˆ
λ − h12sˆλ − h9zˆλ)tˆ[µsˆν]
− 2h12φˆλtˆ[µφˆν] + 2(h8tˆλ − h10zˆλ)tˆ[µzˆν]
+ 2h13φˆ
λsˆ[µφˆν] + 2(h9tˆ
λ − h14sˆλ + h11zˆλ)sˆ[µzˆν]
− 2h14φˆλφˆ[µzˆν]. (B20)
Rearranging the terns on the right-hand side of Eq. (B20), one can verify that 2T [µ|λ|ν] =
T λµν .
From Eqs. (B16)-(B19), it is possible to show that
T (0)aν tˆ
a = h7sˆν + h8zˆν , (B21)
T sˆaν sˆ
a = h12tˆν − h14zˆν , (B22)
T φˆaν φˆ
a = h12tˆν − h13sˆν − h14zˆν , (B23)
T zˆaν zˆ
a = h10tˆν − h11sˆν . (B24)
Using these equations, Eq. (100), and the definition Tν = T
a
aν , we obtain
T ν =− (h10 + 2h12)tˆν + (h17 + h13)sˆν
+ (h8 + 2h14)zˆ
ν . (B25)
From this expression and Eq. (105), we find that
gλ[νT µ] =
[−(h17 + h13)tˆλ + (h10 + 2h12)sˆλ] tˆ[µsˆν]
+ (h10 + 2h12)φˆ
λtˆ[µφˆν]
+
[−(h8 + 2h14)tˆλ + (h10 + 2h12)zˆλ] tˆ[µzˆν]
− (h17 + h13)φˆλsˆ[µφˆν]
+
[
(h8 + 2h14)sˆ
λ − (h17 + h13)zˆλ
]
sˆ[µzˆν]
+ (h8 + 2h14)φˆ
λφˆ[µzˆν]. (B26)
Finally, by substituting Eqs. (B26) and (B20) into Eq. (22) (remember that 2T [µ|λ|ν] = T λµν),
we arrive at
Σλµν =
(−h15tˆλ + h16sˆλ − h9zˆλ) tˆ[µsˆν] + h16φˆλtˆ[µφˆν]
+ 2
(−h14tˆλ + h12zˆλ) tˆ[µzˆν] − h17φˆλsˆ[µφˆν]
+
(
h9tˆ
λ + h18sˆ
λ − h19zˆλ
)
sˆ[µzˆν] + h18φˆ
λφˆ[µzˆν]. (B27)
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To calculate the gravitational angular momentum density, we need the component Σa0b.
From Eqs. (B27), (B5), and Eqs. (111)-(114), we obtain
Σa0b =− h6
A
(f tˆa − gzˆa)
[
sin θsˆb − cos θ(gtˆb − f zˆb)
]
+
(∂zg)
2ABf
(sˆasˆb + φˆaφˆb), (B28)
where we have used the identities fh16 − gh18 = (∂zg)/(fB), fh15 + gh9 = 2fh6 sin θ and
gh19 − fh9 = 2gh6 sin θ.
To evaluate ΣλµνTλµα , it is convenient to proceed in the following manner: Let X , Y ,
and Z be elements in {tˆa, sˆ, φˆ, zˆ}; assume that X is different from both Y and Z. From the
orthonormality condition, we see that
X [µY ν]X[µZα] =
1
4
(XaXa)Y
νZα +
1
4
(Y aZa)X
νXα. (B29)
We can use this identity to obtain, after a lengthy calculation, the expression
ΣλµνTλµα = (
h29
2
+
h7h15
2
+ h8h14 − h212 − 2h10h12)tˆν tˆα
+
1
2
(−2h29 − h7h15 − h14h18 + h12h16
− h13h17 − h11h19)sˆν sˆα + 1
2
(h12h16
− h13h17 − h14h18)φˆνφˆα − (h
2
9
2
+
h11h19
2
+ h214 + 2h8h14 − h10h12)zˆν zˆα + (
h13h16
2
+ h9h14 + h11h12)tˆ
ν sˆα +
1
2
(h12h17 − h8h9
+ h10h19)sˆ
ν tˆα + (h14h16 − h9h13
2
)tˆν zˆα
+ (h12h18 − h9h13
2
)zˆν tˆα − 1
2
(h8h15 + h10h9
+ h14h17)sˆ
ν zˆα + (−h7h14 + h9h12
− h13h18
2
)zˆν sˆα (B30)
Contracting ν with α and using (B5) to eliminate h18 and h16, we find that
T = 2h29 + h7h15 + 4h8h14 + 2h
2
14 − 2h212
− 4h10h12 + h13h17 + h11h19. (B31)
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